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Serial Correlation in Contingency Tables

Helmut Elsinger”

Abstract

Pearson’s chi-squared test for independence in two-way contin-
gency tables is developed under the assumption of multinomial sam-
pling. In this paper I consider the case where draws are not indepen-
dent but exhibit serial dependence. I derive the asymptotic distribu-
tion and show that adjusting Pearson’s statistic is simple and works
reasonably well irrespective whether the processes are Markov chains
or m-dependent. Moreover, I propose a test for independence that
has a simple limiting distribution if at least one of the two processes
is a Markov chain. For three-way tables I investigate the Cochrane-
Mantel-Haenszel (CMH) statistic and show that there exists a closely
related procedure that has power against a larger class of alternatives.
This new statistic might be used to test whether a Markov chain is
simple against the alternative of being a Markov chain of higher or-
der. Monte Carlo experiments are used to illustrate the small sample
properties.
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Non-Technical Summary

Contingency tables display the relative or absolute frequencies of two cat-
egorical variables. A classical application in economics would be an early
warning indicator. Two possible values of the indicator (warning/no warn-
ing) are grouped by the actual values (crisis occurred/no crisis occurred).
After observing both variables for 7' = 100 periods the table could look like
this:

observed | crisis | no crisis || sum
warning 7 13 20
no warning 13 67 80
sum 20 80 || 100

To assess the quality of the indicator we compare the performance to a
pure random guess. In this particular example we would expect that the
table for 100 draws should look like this

expected | crisis | no crisis || sum
warning 4 16 20
no warning 16 64 80
sum 20 80 || 100

The null hypothesis that the indicator and the actual value are indepen-
dent of each other is commonly tested using Pearson’s chi-squared statistic by
comparing the observed values to the expected ones. This test is asymptoti-
cally chi-squared distributed under the assumption of multinomial sampling.
In the example the Pearson statistic equals 3.52. The p-value is 6.1% and
hence we would reject at a level of 10%.

In the above example we reckon that both the indicator and the actual
event at a particular point in time might depend on the outcomes in preceding
periods. Even if both series are independent from each other, the serial
correlation of the individual series would induce a spurious relationship. The

assumption of multinomial sampling is not justified in such a situation. An



autocorrelation of 0.5 would change the p-value of the test statistic to 14.6%
and we would not reject at a level of 10%.

It is a well known but persistently ignored fact that Pearson’s test is not
chi-squared distributed if the variables exhibit serial correlation. In this paper
I show that it is quite simple to adjust the test statistic in a way such that
serial or spatial correlation is accounted for. The proposed method works for
a fairly large class of Markov chains and m-dependent processes. I extend the
approach to higher dimensional tables. Finally, I discuss a procedure to test
for conditional independence. Simulations illustrate that all these methods

work quite well.



1 Introduction

Serial correlation in contingency table data is a widespread phenomenon (for
examples and references see Pesaran and Timmermann| [2009]). The depen-
dencies between observations make the assumption of a multinomial sampling
scheme invalid. It follows that the Pearson chi-squared test for independence
in two-way contingency tables with serial correlation is asymptotically not
x? distributed.

The larger part of the literature on serial correlation in contingency tables
dates back to the 1980s. In a series of papers the effect of stratification and
clustering on the asymptotic distribution of Pearson statistics is investigated
(Holt et al| [1980], Rao and Scott| [1979], Rao and Scott| [1981], Rao and
Scott| [1984], Rao and Scott| [1987]). It is shown that the Pearson statistic
is asymptotically distributed as a weighted sum of independent x? variables
with weights related to design effects. The derived asymptotic distribution
differs considerably from the null distribution under serial independence.

A second strand of literature deals with the case of Markov chains. [Tavaré
[1983] and |Tavaré and Altham| [1983] show that for reversible Markov chains
the weights in the asymptotic distribution are simple functions of the eigen-
values of the transition matrices. |Porteous [1987] extends the results to
multi-way tables. The most recent contribution is|Pesaran and Timmermann
[2009]. They choose a novel route and propose new tests based on canonical
correlations. They illustrate via Monte Carlo simulations that these tests
perform very well under serial correlation.

In this paper I assume that a central limit theorem holds for the observed
frequencies. Stationary and ergodic Markov chains and m-dependent pro-
cesses satisfy this assumption. The asymptotic distribution of the standard
Pearson chi-squared statistics for goodness of fit and independence in two-
way tables is given by a weighted sum of independent x? variables. Simple
examples are used to illustrate the difference between the asymptotic distri-
bution with serial correlation and that without. For Markov chains I gener-
alize the result of [Tavaré| [1983]. The sum of the weights in the asymptotic

distribution is a simple function of the eigenvalues of the transition matri-



ces. This result is useful insofar as the exact critical values of weighted sums
of independent y? variables are difficult to obtain but can be approximated
quite well by matching the first moment which corresponds to the sum of the
weights. I propose a test for independence based on appropriately filtered
processes which works if at least one of the two processes is a Markov chain.

For conditional independence in multi-way tables I demonstrate that the
classical Cochrane-Mantel-Haenszel statistic (CMH) tests for a rather weak
implication of conditional independence and hence has no power against a
class of relevant alternatives. I show that a simple adjustment solves the
problem and illustrate via Monte Carlo simulations that this test is as power-
ful as CMH against standard alternatives. Using an argument from Kullback
et al. [1962] I show that this adjusted version of CMH works well when we
test whether a process is a simple Markov chain against the alternative of
being a Markov chain of higher order.

The paper is structured as follows. In the next section I introduce the
relevant notation and discuss the consequences of serial correlation on the
asymptotic distribution of standard Pearson chi-squared statistic for good-
ness of fit. Section |3| continues with independence tests for two-way tables
under serial correlation. Section {| deals with three-way tables. Tests for
mutual independence, joint independence of two series from the third, and
conditional independence are investigated. In section 5] I present the results

of Monte Carlo simulations. Section [6] concludes.

2 Goodness of Fit

Let {U;}iez be a stationary series of categorical variables taking values in
some finite set of states m,. The variable is represented by the column
vector Uy = (Ury,...,Un,t)'. Uiy = 1 if at time ¢ the ith category occurs
and 0 otherwise. The unconditional probability of U;; = 1 is denoted by
pi;- The m, x 1 vector of unconditional state probabilities is given by p =
(p1,- -+ yPmy)- The l-step transition probability P(U;,;1; = 1|U;; = 1) is
denoted by qz(lj) These probabilities are summarized in the matrix Q. The

@ _ P(U;y = 1,Uj 4+ = 1), are summarized in the matrix

joint probabilities, p; ;
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P® concordantly to Q. PO is a diagonal matrix with p on its diagonal,
denoted by D,. Q© is the identity matrix. Observe that P(-) = PO’
D,QY = PY D,QY = QVD,,p' QY = p/, and Q¥1,,, = 1, for all
l € Z. 1,,, denotes the m, x 1 vector of ones.ﬂ A process is reversible if
PO = PO = PW for all | € Z. In this case Q¥ = QY and Q¥ =
D, QW D,. Processes with two states are always reversible.

The vector n(T) = 1, U; counts the number of occurrences of the dif-
ferent categories between ¢t = 1 and T'. The relative frequencies (1/7)n(T)
are denoted by p. All results in this paper are based on the following as-
sumption which is satisfied if {U;} is a stationary and ergodic Markov chain

or an m-dependent process.

Assumption 1. {U;},cz with p > 0 is such that a central limit theorem
holds, i.e. VT (p —p) ~* N (0, %) with

T—1
T—|i
> = lim D, =

Jim (QY —1p’) > 0.
I=—T+1

We assume that the above series is absolutely convergent. The rank of 3 is
denoted by d < m, — 1.

Consider testing the hypothesis Hy: p specified. The Pearson y? statistic

is given by

pery =Y T gy Dy (5 ). 0

The asymptotic distribution of P(7") under H, can be represented as a
weighted sum of independent x? variables, i.e. 3.0 piZ2. {p;} are the

nonzero eigenvalues of DX,

In the sequel I will omit subscripts whenever the dimension is clear from the context.



Example 1. Let {U;} be a simple two-state Markov chain with transition

matrix

QZ( ¢ 1_a>f07"&€(0,1).

1—a a

p=(1/2,1/2) and

a 1 -1
2:4(1—a)<_1 1)'

The eigenvalues of D,*% are given by {0,a/(1 — a)}. Therefore, P(T) ~*
ﬁx%. Figure |1 illustrates the rejection rates if we use the incorrect x3
distribution. The level differs considerably from the nominal level of 10%, i.e.
a critical value of 2.71, unless a = 0.5. Let Uy = > 7" iU;;. The correlation
of Uy and U] equals 2a — 1. Even moderate levels of autocorrelation lead
to sizable deviations from the 10% level. If a > 1/2 then {U;} is positively
dependent in the sense of |Gleser and Moore [1985]. A similar example for

an m-dependent process can be found in Appendiz [A]

The critical values of a linear combination of independent x? variables
have to be determined via simulations. The literature (e.g. Holt et al.| [1980]
and [Yuan and Bentler| [2010]) shows that two simple approximations work
reasonably well. The first approximation is by matching the mean. Let p
equal the average nonzero eigenvalue of D,'X, ie. p = Zle pi/d. The
distribution of P(T') is approximated by pyx3. Alternatively, we may match

the first two moments via ax;. This implies

S A gy (Zn) pi>2.

a =
Z?:l Pi Zf:l P}



Figure 1: The rejection rate at a nominal level of 10% for the Markov chain
given in Example 1. The blue line is the theoretical rejection rate. The red
line is based on 1000 simulations for a = 0.01 to a = 0.99 in steps of 0.01.
The number of observations in each simulation equals 200.
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Remark 1. Using that Q) = D;lQ(Z)’Dp and that the trace is invariant

under cyclic permutations we get

Zpi =tr(D,'S) =2 (tr(Q") — 1) — (m, - 1). (2)

This is true irrespective whether the process is reversible or not. QObserve
that only the diagonal elements of QY are needed, i.e. the probabilities that
Uity = 1 conditional on U;y =1 for all 1 > 0 and i.

If {U;} is a simple Markov chain the variance of the asymptotic distri-

bution may be rewritten as

¥ =D, Z}); Q- lp/)l + Zzl (Q - pl,)l D, + (Dp - pp’)
= D,Z2+7D,—-D, — pp’

with Z = (I—-Q+1p/)~!. [Tavaré and Altham! [1983] show that for reversible
Markov chains the eigenvalues of D, IS are simple functions of the nonunit
eigenvalues of the transition matrix Q. If we drop the reversibility assump-
tion, we get that the sum of the eigenvalues of D, '3 is a simple function of

the eigenvalues of the transition matrix.

Theorem 1. If {U,} is a simple Markov chain and fulfills Assumption 1,
the asymyptotic distribution of P(T) under Hy equals S0, piZ? where {p;}
are the eigenvalues of D;12 and {Z;} are independent N'(0,1). It holds that

IS P )

with {\;} being the nonunit eigenvalues of Q. If {U,} is additionally re-

}J_ril} are the eigenvalues of DEIE'

versible,



Proof. The first part of the theorem is well established. It remains to be
shown that

My, —1

L+ A
sz Z -\

For simple Markov chains Q) = Q! for I > 0. From Equation we know
that

Zp,—QZtTQl—l (g —1).

Now, tr(Q') = > AL 1 is a right eigenvector of Q with an eigenvalue of 1.
Assumption 1 implies that the infinite sum on the right hand side converges.
Hence, 1 is the unique largest eigenvalue in absolute value. W.l.o.g. we may

order the eigenvalues such that A,,, = 1. This implies

Z?:l pi = 235,000 A= 1) = (my — 1)
= 232 ST = (my — 1) = YRR A - 1)
= T () =T e

The claim for reversible Markov chains is proved in Tavaré and Altham! [1983].

]

If we approximate the distribution of P(7") by matching the first mo-
ment only, it suffices to determine the eigenvalues of Q and the rank of X
irrespective whether the process is reversible or not.

For Markov chains there is yet another alternative by adjusting the Pear-
son test. If we left multiply v7'(p —p) by (I —Q’), the covariance matrix of
the asymptotic distribution equals D, — Q'D,Q which is singular. To define

a quadratic form, we need the following definition.

Definition 1. An n x m matrix G is said to be a generalized inverse (g
inverse) of an m x n matriz A if AGA = A. We denote G by A—. A g
inverse exists for any matriz. If additionally A—AA™ = A~ then we call
A~ a reflexive g inverse and denote it by A9. If both AAY and AIA are

7



Hermitian, we call A9 a Moore-Penrose inverse and denote it by A*. The

Moore-Penrose inverse exists and is unique.

The quadratic form

P(T)=T(p-p)(I-Q)D,-QD,Q) 1-Q)(p-p) (4)

is asymptotically x? distributed for any g inverse of (D, —Q'D,Q) by the re-
sults of (Ogasawara and Takahashi [1951]. Note that in general the quadratic
form is not invariant with respect to the chosen g inverse but the asymptotic
distribution is the same.

If Q is not known a priori but can be estimated consistently by Q than

is asymptotically equivalent to P,(T).

3 Two-way tables

Suppose that U, = X; ® Y; where ® denotes the Kronecker product. Both
series of category variables take values in some finite set of states m, and m,
with m,m, = m,,. The unconditional probability that X;; =1 and Y;; =1
is denoted by p; ;. The m, x 1 vector of unconditional state probabilities is
given by p = (P11, s Pimy P21 s Prasmy ) - qz(lj) is the l-step transition
probability P(X, ;1 = land Y,y = 1| Xy = land Y, = 1) with i =
(a—1)my,+band j = (u—1)m, +v.
The marginal probabilities of { X}z and {Y;}icz are given by

my my
P = P D Pnd) = (T, ®1,)P
=1 =1

and p, = (1;,, ® L,,)p. n.(T), P2, ny(7T), and p, are defined analogously.
P! = (1,,©1, PO, ®1,,) and P} = (1, &L, )PV (1, cL,,) are
the (marginal) joint probabilities of the pairs (X;4,, X;) and (Y;4,Y;). The



[-step transition probabilities for {X;} and {Y;} are given by QY = Dljwng)
and Q) = D, P}

Consider the null hypothesis that the series {X;}iez and {Y;}iez are in-
dependent of each other. In this case PO = P @ Pél) for all | € Z and

VT (B —p)=VT (D —p. @p,) ~* N (0,%)

with

[e.9]

% =D, ®D,) Y (QY®QY - (1,,p,) @ 1np,).

l=—00

If we condition on the observed marginal proportions p, and p,, [Tavare
[1983] showed that

VT (p— P @ Py) = VIB' (p — p. ® p,) + Op(T7'/?)

with B = (L, = 10, P}) ® (I, — Lo, D))

Remark 2. To be precise, | Tavaré [1985] showed that /T (P — P, @ P,) =
VT(B' —p1') (P — pa @ Py) +0,(T~?). It is easy to see that 1 (p — p) = 0
and we may use B as specified. |Holt et al.| [1980] derive the same result using
the delta method. Let h(p) = p — P, @ py. The Jacobian matriz of h(p)
equals (B — p1’).

Theorem 2. Under Assumption and the null hypothesis that { X}z and
{Y, }iez, are independent of each other, T (P — P, ® Dy) is asymptotically
distributed N (0, Q) with

oo

Q= (D,, ® Dpy) Z (ngl) - 1m:cp;) & (QZ(,Z) - 1myp;) .

l=—00

If at least one of the two series is i.i.d. then Q@ = (D, — p,p,)@(D,, — pyp;)

as in the case of multinomial sampling.



Proof. Using B'D, = D,B we get

B(QY®QY — (1,,,p,) ® (1n,p,)) B= (QY — 1,,,p,)®(QV — 1,,,p))

for all [ € Z. To verify the second claim assume w.l.o.g. that {X;} isi.i.d. In
this case Qg ) = 1,,.p, VI # 0. Plugging this in yields the desired result. [

The asymptotic distribution of Pearson’s chi-squared test

X? = T(p-p.0p,) Dy ®@D;)) (b~ D.®Dy)
= T(Pp-p.®p,) (D, @D, ') (p—P.®D,) + O, (T2

is equal to the distribution of a weighted sum of x? variables.

d
X2 o Z pzZ?
=1

with d = rank(€2) and {p;} being the eigenvalues of

©=D,'Q= Z Y —1,,p,) @ (QY - 1,,p)) -

l=—o00

Tavaré [1983] proved that for reversible Markov chains the eigenvalues
{pi} of © are given by {(1+ A, ;A\, ;)/(1 — AziNy )} where {\;;} and {),;}

are the nonunit eigenvalues of Q, and Q, respectively.

Theorem 3. Under Assumption and the null hypothesis that {X;}cz and
{Yi}iez are independent Markov chains, the asymptotic distribution of Pear-
son’s chi-squared test equals that of 27:1 piZ% where {p;} are the eigenvalues
of ©® and {Z;} are independent N (0, 1) variables. d is the rank of Q. It holds
that

d My—1 My—
T+ AsiNy
i 6
MDD o
=1 =1 =
If both processes are additionally reversible, 1+;“ ‘:\\“} are the eigenvalues

10



of D, 'Q2.

A proof of this theorem can be established analogously to the proof of
Theorem 1. The significance of this result stems again from the fact that for
a mean approximation we only need to know the eigenvalues of Q, and Q,
and the rank of ®. The rather restrictive reversibility assumption can thus
be dropped.

The Pearson test can be adjusted analogously to the discussion in the
previous section. If {X;} and {Y;} are independent Markov chains then we

get
\/T(I_Q;®Q;) (f)_px®py) NGN(O,QI,)

with , = D, ®D,, —Q;D,,Q.®Q;D,, Q,. If we condition on the observed

marginals p, and p, we get

VT (1-Q, Q) (p— P ©Py) ~* N (0,Q,)
with
Qa = (Dpx - pﬂ?p/x) ® (Dpy - pyp;)
Q,(D,, — pP.pP,) Q. ® Q;J(Dpy - pyp;/)Qy-

The quadratic form
XA =TH-p.®p,) 1-Q:2Q)2 (I-Q,2Q,) (b P, @Dy)

is asymptotically x? distributed where d is the rank of €,. Observe that in
the derivation Q, and Q, are known a priori. But again, if Q, and Q, can
be estimated consistently by Qx and Qy the asymptotic distribution does

not change, i.e.

A ~

XXT)=TH-p.2p) T-QQ, I-Q)(P—D.2Dy)
with

Q, = (Dy, —p.D;) ® (Dy, — PyD,)
— QL(Dy, — P.D,)Q: ® Q,(Dy, — PyP;,)Qy

11



is also asymptotically x? distributed.
Finally, consider € = X; — Q;l)/Xt_l and e/ =Y, — Qg(,l)lYt_l and let

T

1

Hy(T) = Z € Q€.
VI -1

The expected value of Hy(T') is 0. Under H, the variance is given by
T-2

V(H/(T)= )

I=—T+2

T—1-1] ! 1)r A (141 ! 17 A (141
ﬁ(A;)_Q( )’A(+))®(A§/)—Q( )/A(+))

with

A§f> =P — pU-NQW and A‘:E/l) =pW _ pl-1QW.

Theorem 4. If Assumption[1] holds, if {X;} and {Y;} are independent of each

other, and if at least one of the two series is a Markov chain then Hy(T) ~°

N(,(D,, — QV'D, QM) ® (D, — Qél)/Dprz(,l)')). The quadratic form
XA(1) = my(T) {(D,, - QV'D,, Q) @ (D, - Q)"'D,, Q") } Hy(T) is

asymptotically x% distributed where d is the rank of the covariance matriz.

Proof. Assumption (1| implies that V(H,(T")) converges for ' — co. W.l.o.g.
let {X;} be a Markov chain. A = D,.Q.—D, Q-'Q,=0for!>0. Ifl <
0 then Ag) . Q;I)IAQ(CI—H) _ Pg:_l)/—ch_Hl)/Qm . Q, Pg;_l_l),—i-Q’ P:S:_l)/Qg;- By

setting k = —I we get Q*D,,, —Q**'D, Q.—Q.Q*'D,, +Q.Q*D,. Q. =
0. Plugging this in yields V(H,(T)) = AP ® (Aéo) - Qél)/Az(,l)). Now,

Aél) = P?(Jl) — P?(JO)QS) = Dprél) — Dprl(,l) = 0 irrespective whether {Y;}

is a Markov chain or not. Hence,

V(H,y(T)) = (D,, — Q1"'D,, Q") ® (D,, — Q\"'D,, Q).

]

Now, suppose that the transition probabilities are not known but the
estimators Q1" and Q" satisty Q%" = Q" + 0,(T~1/?) and QY = QY +

12



O,(T~Y/2). Define & = X; — QU X,_1, & =¥, — Q\"'Y,_1, and

T

N 1

Hy(T) = Y ewd.
VT —1 P

Theorem 5. If the assumptions of Theoremm hold and if Q;” = Qg(cl) +
O,(T~2) and Q" = Q" + O,(T~Y/2) then

X3 = (7Y {(Dy, — QL'D;, Q) @ (Dy, — QD Q) iy (T)
is asymptotically equivalent to XZ(T).

Proof. The term in curly brackets equals (D, — QS)’me Qg(cl)) ® (Dy, —
Qg,l)’Dpy Q") + 0,(T~Y2). H,(T) may be expressed as

Hy(T) =
1 NN T o
+ Lo (@ -Q) el e e v
R /
- T1 < ;’1)_ g)) ® 1, ZtT:2Xt—1®€i/

~ / ~ /
+ 7= < a ;1)> ® (Qél) B Qé”) }23;2 X, ®Y

=
G

[
=
G

\/%OP(T_UQ) ZtT=2 € @Y

- T
\/I%IOP(T 1/2) thz X1 ® 6?

Op(T_S/Q) ZtTZQ X1 ®Y

+ o+ o+

X, and Y; are vectors consisting of zeros and ones. Hence, the last summand
is O,(T~/2). Now, the expected value (1/v/T — 1) 31, e ®@Y;_; equals zero

and the variance equals

T—2

71—

L= 1= A _ @y A & pO
> Ll a0 - qerag) o pg
I=—T+2

which is finite by Assumption The same is true for (1/vT — 1) 3.1, X;1®
et Hence, H(T) = Hy(T)+O,(T~2) and K3(T) = XA(T)+0,(T1%). ©

13



Remark 3. [ show in Appendz':z:@ that X2 (T) is asymptotically equivalent
to the trace statistic developed in Theorem 1 in |Pesaran and Tivmmermann
[2009]. The main difference is that only one of the two series has to be
a Markov chain for the theorem to hold. |Chou and Chu [2010] proposed a

stmilar test using stronger assumptions.

4 Three-way tables

Let Uy = X; ® Y; ® Z;. All three series fulfill Assumption The notation
is analogous to the last section. We analyze three different notions of inde-
pendence: mutual independence, joint independence of two series from the
third, and finally, conditional independence.

Mutual independence implies that P%) = Pg) ®P3(f) ®Pg) foralll € Z, in
particular p = p, ®p, ®@p.. We know that \/T(f)—px®py®pz) ~* N(0,3)
with

o

¥ = (D,,®D,,®D,.) > (QV®QY @ QY - 1,,p, ® 1,,,p, ® L,..p.) .

l=—00

Porteous| [1987] showed that
VT (B~ ® By @y) = VIB' (b~ pa @D, @p:) + Op(T1)

with B =1-1,, ® 1mypfy ® 1P, — 1, P, ® L, ® 1,..p. — 1,,p, ®
1., P, ® L, [Porteous| [1987] used B’ + 2 - p1’. But again, as 1'(p —p) =0
we may drop the last summand. The asymptotic covariance matrix €2 of
VT (P —Po ® Py ® Py) is rather clumsy.

Q-BTB - D,BY . (QY2q)2Q" - 1p)B
- by {Q’2qf @qQ" - 1p’
— (QY ~ 1,,p:) ® 1, P, ® 1,0, P’
~ 1,0, ®(QY — 1,,P,) ® L. P,
— 1,,P,®1L,,p,®(QY - 1mzpz)} :

14



Pearson’s statistic for testing mutual independence of the three variables

is given by
Xy =T (p—pe @by ©p.) (D;! @D, ©D;1) (p— b © P, ©p.).

The asymptotic distribution is equal to the distribution of a weighted sum
of x? variables. The weights correspond to the eigenvalues of D, Q.
If the three series are Markov chains, we get by using the same reasoning

as above that

mg My my

Zd R § :z :z : 1+>\’E7,>\’yj>\zk:
Z'lez o zz Y,J zk:

i=1 j=1 i=1

———
1+jt+k<mg+my+m;

mge—1 1+/\g” my—1 1+Xy ; mz—1 1+X.
Zz 1 1=, Z 1-Xy i Zi:l 1-X.

where {\;;}, {\,;}, and {\,} are the ordered eigenvalues of Q,, Q,, and
Q.. Xy = Aym, = Azm. = 1. [Porteous) [1987] showed that if all three series
are reversible, the eigenvalues of D, correspond to {(1 4+ Az ;A\, ;A . %)/ (1 —
AaidyjAzk) )

If two of the three series are i.i.d., we get

Q = (D,-pp) - (D,, ®p,p, ® PP, — PP')
—(pP«P;; ® Dy, ® p.p, — PP’') — (PP} ® pyP, ® D,. — PP’).

In this case D, ' is idempotent and the Pearson test is asymptotically x?
distributed with d = (m;m,m, — 1) — (m, — 1) — (my, — 1) — (m, — 1).

To test whether {(Y;, Z;)} are jointly independent from {X;} is a simple
extension of the two-way tables case. The null hypothesis implies that P®
p ®P§l®z for all [ € Z where the subscript y® z is shorthand for the random
variable Y; ® Z;. All the results from section 2 apply. A weaker implication
of this null hypothesis is that both Pm)@y -PV® P?(,l) and Pi%z =PV gpY¥
for all [ € Z. T show in Appendix [B| that the test proposed by [Pesaran and

Timmermann [2009] tests actually for this weaker implication.
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Let us finally assume that Y; and Z; are independent conditionally on
Xy, i.e. pijk = Dij+Ditk/Pit+- As usual the subscript + denotes that we sum

across this dimension. Hence, we focus on

;1 Nij+Nitk \ . Dij+Ditk
ik = \ Mgk — ——— | =Dk = ———
Tt +

The first observation is that

P — Diik — Pij+Pitk _ Pij+Pitk—Pitk)  PitkBij+—Pij+)
jk Y Dit+ Dit+ Pit++
Pij+Pitk (A, o, —1
+ HE Birs — pirt) T Op(T7).

Let # = (ﬁm, e 7ﬁi,my,mz)//pz‘++ and r' = (2%'11, e 7pi,my,mz>//pi++- For
d' = (dy,,diy. ., d), ) wemay write
d = pis (I, ®L, —1il'®I, —I, oril) (#-1).
+  (Digs — pi++)r; Q1L+ O,(T ).

r; and r! are the conditional marginal probabilities of Y; and Z; (r; = (Imy ®
1, )r" and v, = (1, ® L, )r'). Ford = (d",d*,...,d™’) we get d =
A'(Pp — p) + O,(T") where A is the block diagonal matrix consisting of
A; = (L,, — 1r;’) ® (L. — 1r¥).

Without serial correlation the covariance matrix of vT(p — p) is given
by ¥ =D, — pp’ with

1 1
p1++ry & r,

m. m
Pmg++Ty " @ L7

It is easy to check that Aj(r; ®r.) = 0. The covariance matrix € of VTd is
therefore the block matrix given by the direct sum @;] pi+ (D, —ryry) ®
(D, —rir”). An immediate consequence is that d" and d’ are asymptotically

independent for ¢ # j. Moreover,

CMH; =Td" (pz'++(Dr§, —ryry) ® (D, — 1! 1’“)) A"~ Xy 1) (ma1)-

y-y zZTZ
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(l/pHJr)D ®D is a g inverse of Pit+(Dyi — r;ry) ® (D, —rirY). Hence,

2
m ng+pz+k
T y Mz <pl] —2 )
CMH; = —d"(D;} @D, Nd' =T Z Z S

Pit++

The asymptotic independence of d* and d’ implies that CM H* = Td'Q2~d =
S CMH? is 3 distributed with d = mg(m, — 1)(m, — 1). Plugging in
the observed frequencies instead of p;;+, pi+x, and p;+4 in the denominator

does not change the result, i.e.

2
my My my <p1,]k; ng+pz+k>
a 2

TY.2 >

i=1 j=1 k=1 Pit+

The classical Cochran-Mantel-Haenszel test (CMH) focuses on d* =
yorad = (1, @I, ®1I,)d. CMH tests the weaker hypothesis that
Pijk = Doy Dij+Ditk/Dit+- The covariance matrix of VTd* is given by

sz_H_ v = r z/) ® (Drz _ rz/)

Again, using the observed frequencies instead of the true probabilities in
Q* does not change the result and CMH = Td*(Q*)*d* ~* x2 with d =
(my — 1)(m, — 1). A detailed analysis that the above definition of CMH
is equivalent to the classical definition as in |Agresti| [2002] can be found
in Appendix [C] It is important to note that the equivalence holds only for
the Moore-Penrose inverse. If we use an arbitrary g inverse, 7'd" (Q*)_d*
is asymptotically x?2 distributed but does not equal the standard definition
of CMH. The test for conditional independence proposed in Pesaran and
Timmermann| [2009] is closely related to CMH. As I show in Appendix
they use

(Zpi—&--l-(Dr{, —r,ry) ) (ZPZ-H- ri T rir Z))
=1
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instead of €2*. The difference is small but not necessarily negligible.ﬂ

If we allow for serial correlation the situation becomes a lot more complex.

The fact that Y; and Z; are independent conditional on X; does not imply

that Y; and Z; are independent conditional on X; and some lagged variables.

Example 2. Let {U;} be a Markov process with transition matriz

a
a
1—a
1—a
a
a

l1—a

1—a

l—a 1—a

l—a 1—a

a
a
1—a
1—a
a
a
1—a

1—a

1—a
1—a
a
a
1—a
1—a
a

a

a a
l—a 1—a

l—a 1—a

1—a

1—a

1—a
1—a

a

a

a € (0,1). IfU, = X; ®Y, ® Z; then it is straightforward to verify that
P(Y;, Zi| Xy) = P(Yi| Xy)P(Zy| Xy). But if we condition additionally on Y, 1
the two series are not independent anymore, i.e. P(Y;, Z;| Xy, Y1) does not

equal P(Y}‘Xt, Y:‘,fl)P<Zt‘Xt; Y;tfl)-

So it seems reasonable to put further restrictions on the transition ma-
trices. In the first case assume that only the conditioning variable might be
serially correlated. Let qz ’jl be the probability of X;,; = j conditional on

Xy =1i. For m, = 2 and [ # 0 the transition matrix is given by

Q(l) — qf’ilmymz (I‘; ® I'i)/ QT,élmymz <r?3 ® I‘g)’
G Ly, (P @ TY) P, (12 @ 12)

It is not surprising that the covariance matrix of v/7'd in this case is equal
to the case without serial correlation, i.e. A’'Q® =0 for [ # 0. Both, CMH
and CMH* have the above specified asymptotic distributions under H,.

A second application is to test whether a Markov chain is of order 1

against the alternative of a higher order as in Kullback et al. [1962]. Sup-

2See Appendix [B| for details.
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pose that {X;} is a simple Markov chain with transition matrix Q. Define
U= Xi1 ® X9 ® X; and let p; ;5 denote P(X,—; =4, Xy 0 = j, Xy = k).
The particular ordering is chosen such that the first index corresponds to the
conditioning variable. Under the null hypothesis X; 5 and X; are indepen-

dent conditional on X; 4, or

. . p'7 '7+p'7 7k
P(Xi 1 =0, X1 0=75X;=k) = pijp = =200 — o in
Di++

where ¢; denotes P(X, = k|X,_y = i). For m, = 2 this equals in vector

notation
1 1 ’
p= P1r4Ty, &® r, _ Pi,e+ ® d1.6
p2++r§ ® rz P2,e+ ® q/2,o
with piet = (Pig+,Pioy) and Qie = (¢i1,¢2). The transition matrix for
1 0 1 0 0 0
2 q11 q12 ®
10 0 0 10 21 2.2
01 01 0 0
2 q1,1 q12 ®
0 1 0 0 01 2,1 G2.2

Now, A’/DQA = 0 and together with the discussion from above we get that
CMH and CMH* are asymptotically x? distributed under the null hypothesis.

If the values of X; correspond to m, different strata, Assumption [l is

U, is given by

violated. To invoke asymptotic theory we have to take the limit for each

stratum separately. Under this assumption the transition matrices are given

by
1, 1,0
Qo — M e Qi 0
0 Q?(JZ,I) Q Qg2,l)
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The covariance matrix of v/T'd’ is given by

7 il i 4,1 i
@ =pi.(Dy @D,) Y QY — 1)) @ (QY — 1)
l

and the covariance matrix € of v/7'd is the direct sum of the Q7. We may
proceed as in the standard I x J case. Yet, some caution with respect to the
asymptotic result is necessary. In particular, it has to be guaranteed that
the convergence of the estimators not only within but also across the strata,

i.e. for p;yy, is sufficiently fast for all : = 1,...,m,.

5 Simulation Results

[ undertake a couple of simulations to illustrate the finite sample properties of
the various test statistics | The realizations of U; are denoted by the column
vector w;. They are summarized in the matrix U = (uy,...,ur). The rela-
tive frequencies are calculated by p = (1/7')U’1ly and Dy = (1/7')U’'U. For
I > 0 the joint probabilities P®) are estimated by PO = ﬁ ZtT:Hl u, ;.
For notational convenience I denote 3, 4 wuy by U”, U where it is un-
derstood that U_; includes the first T — [ observations and that in U the
first [ rows are deleted. As PCD = PO’ we use PCY for [ < 0 to estimate
P®. The transition probabilities Q) are estimated by Q(l) =Dj lf’(”

5.1 Goodness of Fit

In this section the classical Pearson test is compared to P, and the Wald test.

I use two procedures to estimate the covariance matrix 3 of vT(p —p). The

3 Appendix @ includes additional simulations.

4Observe that p'QY) # p’ and QW1 # 1. Ifwe use Dy_, = (1/(T—1))U’_,U_; instead
of Dy, we would get Q(l)l = 1. I tried both versions. The differences in the results were
negligible so I stick with the first definition.
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naive estimator is defined by

A

S = DXL QU - 1p) = oL, T (PO - pp)
= D, —pp/+ T, (PO —pp + PU — pp)

with the number of lags 7 specified. This estimator is not consistent unless

{U,} is an m-dependent process and 7 > m. For Markov chains I use that
% =D,(I-Q+1p)"'+(I-Q+1p)"'D, - D, - pp'

and define
Sy =Dp(I-Q+1p) " + (I~ Q+1p) "D; — D; - pp.

I approximate the asymptotic distribution of the Pearson test by matching
the first moment. Three variants to estimate p = (1/d) > p; are employed.
The corrected statistic is denoted by P,(T) (Py(T)) if the trace of D 'S,
(D, '33)/) is used. The estimated mean eigenvalue is denoted by pn (par)-
If we estimate p using Theorem 1, we denote the statistic by Py, (7T") and
the estimated mean eigenvalue by pe,. The Wald test based on ﬁ]n (ﬁ] M) is
denoted by W,, (Way).

To illustrate the size of the various tests consider the Markov chain given
in example 1. I perform 1000 simulations for each a from a = 0.01 to a = 0.99
in steps of 0.01. The number of observations 7" in each run is 100. 7 = 3
for the naive estimator. The results are displayed in Figure We find
that P, (T'), Py (T), Wiy, and P, perform very well. py; and py, are close
to the true value. The mean absolute percentage error is around 20% for
a in the range of 0.15 to 0.85. Not surprisingly, estimators based on the
naive approach (P,(7) and W,,) perform poorer. The estimated mean of
the eigenvalues (p,) is consistently negative for a < 0.18 (this is equivalent
to p < 0.22 and an autocorrelation of {U;} of less than —0.64). For a in
the range between 0.3 and 0.7 the performance is fine. It deteriorates again
beyond a = 0.7. Increasing 7 would improve the performance slightly yet not

solve the general problem. Before calculating the rejection rates I eliminated
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Figure 2: Rejection rates at a nominal level of 10% for the Markov chain
given in Example 1. The results are based on 1000 simulations for a = 0.01
to a = 0.99 in steps of 0.01. The number of observations in each simulation
equals 100.
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all flawed values (negative values, NaNs, and Inf). For a < 0.25 more than
10% of the values of P,(T) and W,, had to be deleted. Appendix[A]includes a
size simulation for an m-dependent process. In this case the statistics based
on the naive estimator perform better.

In terms of power I consider the following example. Let {U;} be an i.i.d.
sequence with p = (0.5,0.5)". For a = 0.01 to a = 0.99 in steps of 0.01 we
test separately and independently the null hypothesis that p = (a,1 — a)'.
For each a we use 1000 simulations with 7" = 100 observations. Figure
illustrates that the alternative tests are as powerful as the standard Pearson
test.
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Figure 3: Rejection rates at a nominal level of 10% for an i.i.d. process with
p = (0.5,0.5)". The null hypothesis p° = (a,1 — a)’ varies from a = 0.01 to
a = 0.99 in steps of 0.01. The results are based on 1000 simulations. The
number of observations in each simulation equals 100.
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5.2 Independence of two series

In this section I will analyze the performance of Pearson’s classical y? test, the
Wald test, X2(T'), and X2(T') and compare the results to the trace statistic
in [Pesaran and Timmermann| [2009]. To control for serial dependence I will
use the analogous procedures as above to estimate the covariance matrices.

The naive estimator is defined by

T - 5 (1 A A (1 A A
+ lel TTM ng) - p$pép> X <P?(J) - pyp;>
T — 5 (1 A A (1 A A
+ YL, S (P - pzp;) ® (Pé)' - pwé)
with 7 = 3. For Markov chains I use that

+ (Dp, ® Dpy)(I —(Q: — 1,,P,) ® (Qy — 1myp;))_1
+ (I - (Q; - leinx) ® (Q; - pyliny))il(Dpz ® Dpy)'

Let €2, be the estimator that is obtained by plugging in p,, py, Qx, and Qy.
To illustrate size and power of the above tests I use the same process as

Pesaran and Timmermann| [2009]. Let
T = ¢ri + v and Yy = Py + &

with v, = rpye + /1 — rgynt. Both, n; and ¢; are i.i.d. standard normal
variables. The cross-correlation of the increments r,, is set to 0 for the size
and to 0.2 for the power simulations. The simulated data is categorized
into m = m, = m, equally probable binsﬂ The sample sizes are T' =
20, 50, 100, 500, and 1000. Table (1| displays the simulation results for ¢ = 0
and 75, = 0 at a nominal level of 5%E] By and large the tests have the
right size. Yet, there are some notable exceptions. W,, and X,f have a poor

performance for small samples.

5In the simulations I use the correct bounds for the bins.
6T use the critical values from the asymptotic distribution. The results for estimated
small sample critical values can be found in Appendix [12}
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m T X?* X! X3 Xk, Wy W, X2 X} Trace
2 20 0.056 0.054 0.052 0.054 0.052 0.028 0.054 0.029 0.064
2 50 0.055 0.055 0.056 0.056 0.056 0.055 0.056 0.049 0.052
2
2
2

100 0.051 0.048 0.049 0.049 0.049 0.048 0.049 0.046 0.047
500 0.058 0.057 0.058 0.058 0.058 0.057 0.058 0.058 0.058
1000 0.044 0.045 0.044 0.044 0.044 0.045 0.044 0.046 0.046

20 0.050 0.047 0.045 0.049 0.043 0.011 0.044 0.020 0.095
50 0.051 0.048 0.048 0.049 0.050 0.040 0.048 0.052 0.072
100 0.049 0.048 0.049 0.049 0.049 0.047 0.050 0.049 0.053
500 0.046 0.047 0.046 0.046 0.046 0.046 0.046 0.045 0.046
1000 0.050 0.050 0.050 0.050 0.050 0.051 0.050 0.047 0.047

W W w w w

4 20 0.040 0.037 0.047 0.043 0.031 0.006 0.040 0.029 0.038
4 50 0.028 0.024 0.024 0.026 0.029 0.027 0.028 0.029 0.071
4 100 0.048 0.047 0.047 0.048 0.049 0.048 0.049 0.048 0.064
4 500 0.040 0.039 0.040 0.040 0.040 0.040 0.040 0.038 0.045
4 1000 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.048 0.049

Table 1: Size of independence tests: level 5%, no serial correlation (¢ = 0),
no cross-correlation (r,, = 0), 1000 simulations

The case with serial correlation (¢ = 0.8) but no cross-correlation is
summarized in Table The rejection rates of the standard Pearson test
differ substantially from 5%. The rejection rates for almost all tests increase
with sample size. For very small samples (T = 20) X2 and W, have a rather
poor performance .

If the two series are correlated with 7., = 0.2, the power of all tests is
on a similar level as the power of the standard Pearson test. The power of
the tests is a little bit higher without serial correlation (Table [3)) than with

serial correlation (Table []).

5.3 Conditional Independence

In a first simulation I compare CMH with CM H*. For m, = m, = m, = 2
I draw independently r}, r1, r2, r2, and p,. Set p = (pe 11, @1}, pyor, @17)".
In this case Y; and Z; are independent conditional on X;. For 100 different

values of p I simulated 1000 series of 100 observations. The results are given
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T X X2 X3 X}

tav

20 0.151 0.059 0.073 0.063 0.044 0.014 0.063 0.025 0.061

m W W, Xf Xg Trace
2
2 50 0.202 0.073 0.077 0.077 0.077 0.044 0.077 0.060 0.067
2
2
2

100 0.251 0.072 0.089 0.088 0.090 0.069 0.088 0.057 0.061
500 0.210 0.053 0.071 0.071 0.071 0.053 0.071 0.052 0.052
1000 0.248 0.059 0.080 0.080 0.080 0.059 0.080 0.073 0.074

20 0.128 0.059 0.089 0.047 0.028 0.004 0.034 0.021 0.026
50 0.247 0.072 0.067 0.066 0.056 0.032 0.052 0.051 0.050
0.280 0.079 0.086 0.086 0.071 0.061 0.069 0.081 0.088

500 0.297 0.072 0.093 0.093 0.071 0.048 0.070 0.060 0.060
1000 0.308 0.074 0.089 0.089 0.082 0.058 0.082 0.051 0.051

W W w ww
—
]
o

20 0.093 0.047 0.093 0.029 0.014 0.003 0.020 0.011 0.004
50 0.194 0.059 0.053 0.048 0.041 0.024 0.038 0.048 0.013
100 0.263 0.080 0.073 0.072 0.061 0.060 0.056 0.046 0.016
500 0.292 0.081 0.091 0.091 0.057 0.041 0.057 0.048 0.043
1000 0.310 0.079 0.096 0.096 0.071 0.055 0.070 0.051 0.051

NSO SN

Table 2: Size of independence tests: nominal level 5%, serial correlation
(¢» = 0.8), no cross-correlation (r,, = 0), 1000 simulations

m T X* X! X3 Xk, Wy W, X2 X} Trace
2 20 0.089 0.080 0.083 0.082 0.083 0.036 0.082 0.047 0.100
2 50 0.164 0.154 0.160 0.161 0.160 0.153 0.161 0.144 0.156
2
2
2

100 0.252 0.245 0.249 0.249 0.249 0.245 0.249 0.235 0.240
500 0.823 0.821 0.824 0.824 0.824 0.821 0.824 0.814 0.814
1000 0.983 0.983 0.983 0.983 0.983 0.983 0.983 0.983 0.983

20 0.073 0.065 0.076 0.072 0.069 0.010 0.073 0.027 0.115
50 0.114 0.109 0.112 0.109 0.117 0.107 0.114 0.108 0.130
100 0.197 0.196 0.196 0.195 0.198 0.192 0.198 0.189 0.211
500 0.819 0.821 0.820 0.820 0.818 0.818 0.817 0.819 0.827
1000 0.990 0.990 0.990 0.990 0.990 0.990 0.990 0.990 0.990

LW W w w w

20 0.062 0.053 0.059 0.057 0.056 0.007 0.060 0.028 0.050
50 0.081 0.079 0.082 0.080 0.080 0.079 0.081 0.068 0.136
100 0.146 0.147 0.145 0.145 0.146 0.143 0.146 0.145 0.185
500 0.786 0.786 0.786 0.786 0.787 0.789 0.788 0.783 0.793
1000 0.986 0.986 0.986 0.986 0.986 0.986 0.986 0.987 0.987

NSNS

Table 3: Power of independence tests: nominal level 5%, no serial correlation
(¢ = 0), cross-correlation r,, = 0.2, 1000 simulations
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m T X?* X! X3 Xk, Wy W, X2 X} Trace
2 20 0.178 0.083 0.085 0.076 0.053 0.020 0.075 0.035 0.066
2 50 0.284 0.107 0.131 0.129 0.131 0.066 0.129 0.092 0.097
2
2
2

100 0.387 0.170 0.197 0.199 0.197 0.165 0.199 0.129 0.134
500 0.722 0.456 0.507 0.507 0.507 0.456 0.507 0.442 0.445
1000 0.906 0.744 0.782 0.782 0.782 0.744 0.782 0.717 0.717

20 0.153 0.074 0.104 0.060 0.034 0.008 0.042 0.026 0.032
50 0.293 0.111 0.107 0.105 0.073 0.040 0.074 0.083 0.072
100 0.405 0.157 0.177 0.176 0.112 0.092 0.110 0.133 0.140
500 0.747 0.510 0.545 0.545 0.400 0.356 0.401 0.498 0.505
1000 0.922 0.779 0.799 0.799 0.670 0.632 0.670 0.846 0.849

W W w w w

4 20 0.102 0.056 0.090 0.038 0.022 0.009 0.030 0.013 0.004
4 50 0.264 0.105 0.085 0.078 0.060 0.039 0.061 0.071 0.018
4 100 0.398 0.150 0.142 0.141 0.080 0.076 0.081 0.116 0.035
4 500 0.761 0.485 0.504 0.504 0.298 0.269 0.296 0.513 0.452
4 1000 0.917 0.782 0.809 0.809 0.538 0.507 0.537 0.853 0.844

Table 4: Power of independence tests: nominal level 5%, serial correlation
(¢ = 0.8), cross-correlation 7, = 0.2, 1000 simulations

in Figure [dl Both tests perform reasonably well.

Now, assume that p = (1/4)(a,1 —a,1 —a,a,1—a,a,a,1 —a)". It is easy
to verify that in this case p;;, does not equal p;j+pitk/pit+ unless a = 1/2. Y,
and Z; are not independent conditionally on X;. But pijx = p1j+p1+k/P1o++
P2j+P2+k/P2++. Figure |5 displays the rejection rates of both tests in relation
to a which ranges from 0 to 0.5 in steps of 0.01. Not surprisingly, C M H has
no power against these kind of processes.

Finally, I draw randomly 100 values for p to illustrate the power of both
tests. The rejection rates are plotted against the distance between p and
P’ = (P1y41, @1, poyyrs @17). The performance of CMH* is considerably
better than that of C M H as illustrated in Figure [6]

We may use CM H and CM H* to test whether a series is Markov of order
one against the alternative of a higher order. Suppose that {X,} is a Markov
chain of order 2 with two states. Define X; = X, ; ® X;. The transition
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Figure 4: Rejection rates of CM H and C'M H* at a nominal level of 10% for
a conditionally independent process. The results are based on 1000 simula-

tions. The number of observations in each simulation equals 100.
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Figure 5: Rejection rates at a nominal level of 10%. pijx = >, Dij+Pitk/Dit+
but pijk # Pij+Pitk/Pit+, 1.€. Yy and Z; are not independent conditional on
X;. The results are based on 1000 simulations. The number of observations
in each simulation equals 100.
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Figure 6: Rejection rates at a nominal level of 10%. One hundred p are
randomly drawn. The results are based on 1000 simulations for each p. The
number of observations in each simulation equals 100.
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matrix of {X;} is given by

S O
—
=N
o
QL O = O
o

If {X;} is a simple Markov chain then ¢ = a and d = b. To illustrate the
power of CMH and CMH* Iset b=c=1—a and d = a, i.e.

In this case {X};} is a simple Markov chain if and only if @ = 0.5. Figure
displays the simulation result for a ranging from 0.1 to 0.9 in steps of 0.01.
CM H* performs very well compared to CMH.

6 Conclusion

Based on the assumption that a central limit theorem holds I analyze the
consequences of serial correlation on the distribution of Pearson statistics.
Simple adjustments that can easily be implemented suffice to correct for the
serial dependence in the data. Simulations illustrate that the loss of power
caused by this adjustments in cases without serial correlation is small.

The results in Tavaré [1983] and Porteous| [1987] can be generalized to non
reversible processes. For independence tests in two-way tables an alternative
test using filtered observations is proposed. If one of the two series is a
Markov chain, the test has a simple asymptotic distribution and performs
well in simulations.

The classical CMH test for conditional independence is discussed in detail.
It is shown that CMH tests for a rather weak implication of conditional

independence. A minor modification suffices to get a statistic that tests for
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Figure 7: Power of CM H and CM H* for a two-state Markov chain of order
two. The rejection rates are based on a nominal level of 10%. The results are
based on 1000 simulations for each a. The number of observations in each
simulation equals 100.
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a larger class of alternatives without losing power in those cases for which
CMH is tailor-made. Finally, simulations indicate that the variant of CMH

performs very well as a test for Markovity of order one.
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A m-dependent Process

Let {X;} be a sequence of independent random variables which are dis-
tributed uniformly on the unit interval. Define U, = 1 if X;_; < aX;
and 2 otherwise. {U;} is a l-dependent process. For a € (0,1] we get

p ::(a/271 _'a/2)@

a? 3—a? 2
1) _ 3 = a6 —9a + 4a”) 1 -1
Q - ( 3a—a® 6—6a+a> > and X = 12 -1 1

6—3a 6—3a

The non-zero eigenvalue of D, '3 equals (6 — 9a +4a®) /(6 — 3a). Hence, the
asymptotic distribution of P(T) is not x? but $=2219%\2 " igyre §illustrates
the rejection rates at a 10% level for a € (0, 1] if the critical value from the
xi distribution is used. Let U = > iU;;. The correlation of U; ; and
U; equals (2a* — 3a)/(6 — 3a). Moderate levels of autocorrelations lead to
sizable deviations from the 10% level.

Figure 9 illustrates the performance of the tests specified in subsection[5.1
The naive estimation of ¥ and p with 7 = 3 works well in this environment

as long as a is larger than 0.2
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Figure 8: The rejection rate at a nominal level of 10% for a 1-dependent
process. The blue line is the theoretical rejection rate. The red line is based
on 1000 simulations for a = 0.01 to a = 0.99 in steps of 0.01. The number of
observations in each simulation equals 200.
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Figure 9: Rejection rates at a nominal level of 10% for a 1-dependent process.
The results are based on 1000 simulations for a = 0.01 to a = 0.99 in steps
of 0.01. The number of observations in each simulation equals 200.
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B Pesaran and Timmermann’s trace statistic

Pesaran and Timmermann| [2009] propose new procedures to test for inde-
pendence of two or more stationary and ergodic Markov chains based on
canonical correlations. To be more specific, consider the category variables
Xi = (X1, Xoyy ..o, Xon,t)' with X;; = 1 if category @ occurs at time ¢
and X;; = 0 otherwise (analogously for Y; = (Y1 Yas, ..., Y, 1)"). To
avoid multicollinearity in the regression framework Pesaran and Timmer-
mann [2009] delete the last entries of X; and Y;. I denote these vectors by
X and VY, respectively. The observations of X; are summarized in the ma-
trix X = (xq,X2,...,xr) (analogously for X7, V;, and Y,°). [Pesaran and
Timmermann [2009] show that under independence

—1 —1 a 2
TtT(SyUyUMOSyOxO,wOS OxO,wUSCEOyOMO) ™~ X(mg—1)(my—1)

with Mo = Ip = WO (WOWO)'WO 'S o0 0 = T'YYM,,0Y?, Sp0,0 40 =
T-1X%M,0X°, and S0y0 w0 = T1XO M, Y? = S;%O,wo- In the case of no
serial correlation W° = 1. For simple Markov chains W% = (X%, Y%, 17).
For notational convenience I follow Pesaran and Timmermann| [2009] and
assume that we do have T observations of the lagged variables. X°, denotes
the T' X (m, — 1) matrix of observations on X ;. All simulations in the main
text are based on a fixed number of T" observations. The statistic has to be
adjusted in the obvious way.

To get a clearer understanding of the relation between contingency tables
and the above trace statistic I show that we may use X; and Y; instead of X}
and Y if we substitute generalized inverses for inverse matrices. This would
be only a minor contribution. Yet, this restatement of the theorems in [Pe-
saran and Timmermann| [2009] allows a more comprehensible representation
of the trace statistic.

In the above definitions of Mo we used that W2 WP is invertible. Now,
suppose that this is not the case and define M) = Ir — W(W'W)~ W’ for

some g inverse of W/W.
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Lemma 1. Let W° be an m x k matriz of full column rank and A be a k xn
matriz of full row rank. For W = WA it holds that (a) W(W'W)" W' =
WOUWOIWOIWY | () WW'W)"WW =W, and (¢) WW(WW) W =
W' for any g inverse of W'W.

Proof. Rao and Mitral [1972] show in Theorem 2.4 that W(W'W)~ W’ is
invariant for any choice of (W/W)~ in particular it equals W(W/'W)TW".
It is straightforward to check that

(WW)* = (AWIWPA) = A/(AA) I (WIW?)"L(AA)) 1A,

Plugging this in yields W(W/W)*W’' = WO(WYW?%) "W (b) and (c)
are proved in Theorem 2.4 of |Rao and Mitra| [1972]. O

Lemmal/[I]implies that M, is invariant with respect to the chosen g inverse

and that M*, = M0 provided that W = WPA holds. Under this assumption

Stw =TYMY =T'Y'MyuY =S, 0. The same is true for 8%,
and S} .

Lemma 2. Suppose that Syolyo w0s Siowo s and (WOWO) ™ exist. If 11 is
in the column space of W and W = WCA where A is of full row rank then

tT(SJl S4020 4,05 ! Sxoyoywo) =tr((SF,.,) S, (St )TSE L)

040 440 2020, w0 yy,w YT, WA\ TTW zTY,w

Proof. Y may be expressed as Y = (Y°, 1 — Y"1,, ;). Plugging this in
yields M,o(Y?, 17— Y"1, 1) = MY (I, -1, —1p,-1). The last equality

follows from the fact that 17 is in the column space of W°. Consequently,

Ln,—
YM)Y = ( - ! ) YoM, 0Y? (L1, 1,1

my—1

and

b1 -1)

(YMLY)" = ( ! , ) (T+11) " (Y'M,oY?) ™ (T+11')"

where I dropped the subscript of I,,,,—1 and 1,,, 1. We get analogous results
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for S*_ ., (S, )", and S* Plugging this in yields

yT,wI TT,W TY,w*

1 N —
(SZy,w>+SZx,w(S;x,w)+sjcy,w = ( _1/ ) (I +11 ) ' S;Olyo,wosyoxo,wo

X S;(Jl S04 40 (I,-1).

20,00

The trace is invariant under cyclic permutations. Hence,

757"(S_1

yOy0,wo

Syozo’wos ! Sxoyoywo) = tT((S* )+S* (S* )+S* )

J[701.071”0 yy,w Yyx,w TT,W TY,w

]

Given the last result it is understood that from now on the projection
matrix M} is used instead of M, and the asterisk is dropped from M
Syyw Syzws Seews and S5 .

The next step is to verify that the trace does not depend on using the
Moore-Penrose inverse, i.e.

tr (S wSyzwSty wSeyw) = (S, 1w SyrwSpewSeyw)

yy,w Tz, W yy,w TT,Ww

for arbitrary g inverses of S, ,, and S;;,. The trace is rotation invariant,
tr(A'B) = vec(A)'vec(B), and vec(ABC) = (C' ® A)vec(B). We get the
desired result if

vec(Syzw) (S;‘%w ® S;%w) vec(Syzw) = vee(Syzw) (S;%w ® Sy_yﬂu) vec(Syzw)-

Lemma 3. Forv € R™ in the column span of the symmetric m xm matriz 3
the quadratic form v'¥"v is invariant with respect to the particular g inverse

chosen.

Proof. If v is in the column span then there exists a vector u € R™ such
that v = Yu. Hence, v'X7v = v/Y'Y " Yu = 'YX "Yu = «/Xu for any g

mverse. O

The trace is therefore invariant with respect to the chosen g inverse if
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vec(Syz,w) is in the column span of S,; ., ® Sy .. Observe that

+ + _
SyvaSyy,wsyx7wsxa:,wsx$7w - Syz,w-
This corresponds to

SyewS;

a:a:,w)

(Szzw @ Syy,w)vec(SJr

Jyw = vec(Syzw)-

vec(Syz,w) 1s in the column span of S, , @S,y - Lemma can be generalized.

Lemma 4. Suppose that S;olyo 07 S;OIwO wor and (WOWO) exist. If 17 is
in the column span of W and W = WA where A is of full row rank then
(S 00 1094920008 0 0, 10S2040.w0) = (S 0 SyrwSesSeyw) for arbitrary g

yOy0,wO 2020 w0 yy,w

nuverses S;y and S_.

w TTWw*

Remark 4. If either X or Y are in the column span of W, the trace is

tdentical to zero. This would be the case if for instance X; = Y, 4.

B.1 Two-way Tables without Serial Correlation

In the case of no serial correlation W = WO = 14. 17 is in the space
spanned by W° and W¥W? = T is invertible. Hence, Lemma {4 may be
applied. Pesaran and Timmermann! [2009] showed that in this case the trace
statistic is equivalent to the standard x? test for two-way tables. Using the

new notation this result can be derived quite easily.

Lemma 5. In the case without serial correlation, i.e. W = WO = 1, we

get

A~

Ttr(S,, wSyrawSme wSeyw) = Tvec(f’xy—f)xf);)’(f);l®D;1)vec(f’wy—pr);)

yy,w T, W

where lsmy = (1/T)X'Y. The trace may be rewritten as Pearson’s chi-squared

test for independence

i A (Pij — Piy D)
T =t .
;; Di+P+j
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Proof. Syy.w =T "Y' (1-17(1717)"'14)Y = D, —p,p), and Smlw =D;, —
p.p,. Analogously we get Sy, = 7Y (I-17(1417)'17)X = P, — P, D’

Hence, vec(Sysw) = P — Dz @ Dy- D!

. . A~ AI
5. 1s a g inverse of Dy, — p,p;. Hence,

we get

tr(S> »SyeawSis wSaya)

yy,w Tx,w

= (p-P.®D,) (D, ®D; )P~ P @ Dy)-

B.2 Two-way Tables with Serial Correlation

In this subsection I will show that the dynamically augmented trace statis-
tic is asymptotically equivalent to X7 as defined in the main text if both
{X;} and {Y;} are simple, stationary, and ergodic Markov chains. In the
dynamically augmented case W° = (X°,,Y%,,17). W = (X_;,Y_;) may

be written as

W - (X(il’ ]-T - X(ll]-mzfla Yo_l, ]—T - Yo_l]-myfl)

IWLE—I __lvnx—l 0 0
- WO 0 0 Imy—l _]-my—l
0 1 0 1

The matrix in brackets is of full row rank and 17 is in the span of W°. We

may apply Lemma /4] again.

A R D; P, [P,
Syy,w — Dﬁy _(Py$717Pyy71> R Px_q —1Y-1 R 1Y
ny1fﬂ71 Dﬁy,l nyly

D T : T :
= Dy, ~ (0,0}, P) ( v ) ( o ) HO,(T717)

PyP. D,, P,

A~

with Py, , = (1/T)Y'X_, =P, P, , =1/T)YY_ =P, , D, =

-1y’ Yy-1y’
(1/T)X' ,X_4, D = (1)T)Y',Y_y, and P, ., = (1/T)Y X_; =

P, , .. For stationary and ergodic Markov chains these estimators are

ﬁy,l
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consistentﬂ The second equality is then a consequence of the null hypothesis

of independence. Using that

_ 3 1
( D! - 1,1/, Y10, )
1 — 3
1, 1! D,! -1, 1

My “my My ~my

is a (reflexive) g inverse of

D,, p.p,
pyp, Dy,
yields

Syyw =Dy, — Q,D,, Q, + 0,(T1/?).

Analogously we get S,z = D,, — Q.D,, Q. + O,(T7Y/%). We see that
Sezw ® Syyw equals (D, — Q; D), Q) ® (Dpy - Qlpry Q)+ O:D<T_1/2) and
is asymptotically equivalent to the covariance matrix of H,(T).

Sye.w is given by 2Y'X — LY'W (W'W)~ W’X. Under H,

_ D 0\ [ Poa
(WW) WX = "7 PP ) 0,1V,
’ ’ p
pyp, Dy, PyP:

We use the same g inverse as above to get

1 /

(WW) WX = ( ) +O0,(T7V?) = A, + O, (T7/?).

Analogously we get for (W'W)~ W'Y

- 11..p
(W’W) WY = < Q 2_ !;_py p/ ) +Op(T_1/2) _ Ay + OP(T_l/Q).
Y 2 My y

"See for instance Billingsley, [1961].
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Plugging this in yields

Spew = 7YX -YW(WW)~ 'W) (WW)” WX
= IYX-Y'W(WW)"
— A (FW'W) (W'W)” WX
+ A (FWW) A,

— (YW (WW) —A) (AWW) (WW) WX - A,).

~— —

The last term is of the order O,(7!). Now, by Lemma
WW(WW)” WX =WX and WW(WW) WY =WY.
Hence,

Spew = 7YX = (7YW)A, — A (1W'X)
+ AL (FW'W) A, + O, (T7).

Moreover,
WA, =X_,Q, and WA, =Y_,Q,.
Plugging this in yields

Spew = 7Y'X-7Y'X1Q,—+Q,Y X
FQY X 1Q, +O,(T1)
(Y -Y_1Q) (X —X_1Q,) + O,(T7).

+

If both processes, {X;} and {Y;}, are stationary and ergodic Markov chains
then vTwec(Syew) = Hy(T) + O,(T/?). Using the results for S,,,, and
S.zw We get that X,(7") is asymptotically equivalent to the trace statistic
Ttr(S;, wSyswS e wSeyw)-

yy,w rxr,w

B.3 Joint Independence in Three-way Tables

The test for joint independence of ({X;}, {Z;}) from {Y;} proposed in[Pesaran
and Timmermann [2009] reads as Ttr(S,, ,,Syq.wSSey.w) With Q = (X, Z).

yy,w
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2
(mz+mz—2)(my—

The statistic is asymptotically y 1 distributed. Let us ignore
any serial correlation for the moment and set W = 17. We get S, = D;yl

and Sy = (Pye, Pyz) — (DD, PyP.). Furthermore,

qq,w ) ~ A ~ A .

Using the same arguments as above we get that Ttr(S,, ,SyqwS,Seyw)

equals

~ / ~
e (5B ) (o) e (BB,

P., —D.p Y ’ P., —D.p,
The typical elements of the vec operator are given by p;j+ — Piy+D4j4+ and
DPijk — P+j+D++k. Joint independence of ({X.;},{Z;}) from {Y;} implies
that pijr = pijypiyr- This in turn implies that pyj = pijipisr and
Dij+ = D+j+Pi++ but not vice versa. The trace statistic defined in Pesaran
and Timmermann [2009] tests for simultaneous pairwise rather than joint
independence.

For illustrative purposes suppose that additionally p;+x = pis+piix. Un-

der this assumption

A g inverse is given by

D' o0
Sq_q,w = ( gz D—1>+OP(T_1/2)'

Pz

The trace may be written as
N / A~
P, _AzA/ D! 0 P, — A:EA’
Tvec| % IA) l?/y D;yl ® Pe . vee [ . I? IA)/y
sz - pzpy 0 Dﬁz sz - pzpy
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or

my My A ~ ~ 2 My Mz A ~ ~ 2
T Z Z (pij-i— - pz‘++P+j+) +T Z Z (P+jk - p+j+P++k)
P Dit+D+j+ - — Dtjt Dtk

Example 3. Let m, = m, = m, = 2. The joint probabilities are given
by p = (1/12)(1,2,2,1,2,1,1,2)". It is easy to verify that piry = Pyj+ =
Pr+x = (1/2)(1,1)" and pij+ = Pirk = P+jx = (1/4)(1,1,1,1). Hence,
P.. = p.p., Puy = p.P), and Py, = p,p’. But pij. # pyjipive- {Xi},{Z:})
are not jointly independent from {Y;}. The test has no power against this

alternative.

If we use Q; = X;®Z; instead of Q; = (Xi, Zy) then Ttr(S,, ,Sya.wS75S6y.w)
tests whether ({X;},{Z;}) are jointly independent from {Y;}. The statistic
is asymptotically x? _1) distributed.

(mamz—1)(my

B.4 Conditional Independence in Three-way Tables
In Part 1 of Theorem 2 Pesaran and Timmermann| [2009] propose a test for

conditional independence of {X;} and {Y;} given {Z;}. They show that

Ttr(S;y,wsy%wsgx,wSﬁva) ~* X%mm—l)(my—l)

with W = Z in the case of no serial correlation and W = (Z,Y_1,X_1,Z_1)
for Markov chains

Let us assume no serial correlation. Straightforward calculations along

8Pesaran and Timmermann [2009] use WY = (Z%17) and W° =
(Y%, X%,,Z° 7%, 17_) respectively. Lemma [4] can be applied.
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the above lines yield

Ttr(S_ Syww TT,W myw

yy,w

= Ttr(S,, .S

TT,W :cyw yyw T, W

)
) /
- Tvec(P ~P,.D; 1P )
x <(Dﬁx ~P..D;'P..) @ (D, - PyzD;jPZy>_>
Let T = (Prak .. - Dmamyk) [ P++k be the conditional observed fractions

and denote the marginal conditional fractions by ¥* and f"y“. A closer look at

the matrix (Dp, — pxzD;jf’zx) reveals that it can be written as
Zﬁ++kz (D — £5TY)
k=1
Analogously, we get
P s - k=
(Df’y - PyzDﬁszy) = ZP++k (Df{; - ryry’> .
k=1

The term in the vec operator equals

vec (PW — f’yzDgzllf’zgc)

P11k P1+kP+1k
o ms D12k 1 Di+kP+2k
o k=l : Ptk
pmz,my,k pmz,+,kp+,my,k
_ skzkl
= Zk 1p++k:(1“ —-r.r )

- Z;nzzl d’

with d? as defined in the main textﬂ The typical elements of the vec operator
are given by Pijy — Y17y DiskDji/Ditk- BUb Dijy = D107 DickDrjk/P++k 18

9In the main text I used X, as conditioning variable for notational convenience. Here
I use Z; as in [Pesaran and Timmermann, [2009].
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only a weak implication of conditional independence compared to the usual

Dijk = Di+kP+jk/P++k- Without serial correlation the trace statistic equals

Ttr (ST, »SyewSmewSapa)

yy,w T, W

=T Z?—Zl d”

X (o0 Pprk (Dex —TAEY)) ™ © (Z}Z‘:l Dtk (Df;; - flﬁf’))
x o d.

Comparing this to the results from the main text we see that the covariance
matrix in the CMH statistic differs from that in the trace statistic by the
cross products between the different strata. The covariance matrix in the

CMH test as derived in the main text is given by

S pivs (Dey = xiry) @ (Dy — rix)
= Ex [(Dy, —1yr}) ® (D, —r.rl)]

where the expectation is taken across the different categories of {X;}. If X

is the conditioning variable, the matrix used in the trace statistic equals

<Z£ﬁ Pit+ (D” N I‘ZI' )) ® (Z’Ziﬁ Dit+ (Df; — f'ifi’))
= Ex [Dry —Iyr y} ®Ex Dy, —r.r] + Op(T71/2).

The difference between these two is the covariance of D, — ryr; with D, —
r,r’ across the different categories of {X;}. The covariance matrix used in

the trace statistic will in general not be correct.

Example 4. Suppose that {Y;} and {Z;} are independent conditional on
{Xi}. The series are not serially correlated and m, = m, = m, = 2. Let
Pra+ = Popq = 0.5, vy =1L = (0.5,0.5), and r; =13 = (1 —1/n,1/n). We
get

Ex [(Dry — ryrfy) ® (D, — rzr’z)}
. l i (n_1)2 1 —1 1 —1
) () e(
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and

Ey [D,, — ryrﬂ R Ex Dy, —r.r]

o aae[ 1 -1 1 -1

Not surprisingly, both expressions are equal for n = 2. For n = 20 the
rejection rate of the trace statistic for a notional size of 10% 1is 17.39%. For
n — oo the scalar in the first term converges to 1/32 and in the second term
to 1/64. The rejection rate converges to 24.48%.

Alternatively, let piyq = payy = 0.5, 1) = (0.5,0.5), r7 = (1/n,1-1/n)’,
rl =(1-1/n,1/n), and r?> = (0.5,0.5)". Hence,

Ex [(Dry — ryr’y) ® (D,, — rzr’z)}

1 -1 1 -1
_ 1(n-1
= 1 R
4”2<—1 1) (—1 1)

and Ex [Dry — ryr;} ® Ex [Dy, —r.r.] as above. For n = 20 the rejection

rate of the trace statistic is 2.48% for a motional size of 10%. For n — oo
the correct term as used in the CMH test converges to 0. The rejection rate

converges also to 0.

C Cochrane-Mantel-Haenszel Test

In this section it is shown that CMH from the main text equals the Cochrane-
Mantel-Haenszel (CMH) test. I follow the presentation in |Agresti [2002] with
the deviation that I condition on the first variable for notational convenience.

n;ji is the number of realizations with X; =7, Y; = j, and Z; = k. Let
n; = (i1t - .-, Nim,m.) be the counts conditional on X; being equal to i.

Given n;;4 and n;4 the nonredundant counts are summarized in

0 __ /
n, = (niu, e M 1ma—1, 1021 - - - ,ni,my—1,mz—1) .

_ / 0 : 0
Let p; = (NiigMig1, - - Nigmy,+Mirom. ) /Mig+ and g corresponding to ny.
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The null covariance matrix V; of n; is given by m

1 1 1
/ /
V’i —= Dni.+ — —ni.+ni.+ ® D?’L¢+. — ni+.ni+.
i+ Nit+ Tit+
: / /
where 144 is the vector (n;1,4,- -+, Mim, +) and nie = (Nig 1, Nigm, ).

The covariance matrix of n? under conditional independence is given by

1 1 1
0 _ 0 0/ 0 07
V) = Do — — i Ny | @ | Do, | — ——ngniy,
Mg+ T+ T+

with n9,, = M1+, Nim,—1,+) and nf, = (i1, -+ M ym.—1). The
definition of the CMH test in |Agresti| [2002] is given by

Ma Mg 1,
CMH* =" (n! — )’ (Z V?) > () = ).

i=1

So the first question is whether we may use the vector of all counts instead

of the nonredundant ones. I will show that C'M H® equals

i (ni - ,Ui)/ (ZI Vi) i (ni - Mi) .

=1

The first step to establish equality is to reorder the elements of n; such that
the elements of n? come first. If we premultiply n; and y; by the permutation

matrix

L, @ [Ln. 1,0, _
P:( y®[ 2—1 2171]>7

Imy X [Ol,mz—h 1]

we get
0 0
~ n: _ 75
n, = Pni = ! and i = P,U/z = !
nl 1
. 1 o / .
withn; = (ni,m%l, ey Mimy ma—1 T Lms s - - - ,niymy,mz) and the corresponding

10T use Cochrane’s version and scale by n;, ; instead of n; — 1.
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ordering for ,uil. The covariance matrix of n; is given by \N/'Z = PV,P’. This

yields

NENES
Doy (1 — i) ( i—1 Vi) > i (0 — f1;)
- Z:r: (n; — “’i)/ P (300 PViP,)+ Z:zzl P (n; — 1)
= 2o (=) (07 Vi) (0 — ).
The ordering of the elements is irrelevant. The next step is to show that

there exists a matrix B such that n] — u! = B(n? — 1Y). To see this note
that

my mz
Mg+ ik \ Nij+MNivk \ 0
L L
Define

—1im,—1 ® Ly,
B = —In,1 ® 1im, 1
Lim,—1 ® lim.

It is straightforward to verify that

~ ~ Imfl m;—1
ni—m=< " )>(n?—ﬂ?)

and

3 Ly —1)(m. -
V= ( " ;)3( - )V? (Zm, ~1)(m.—1), B') -

Using that (I(n,—1)(m.—1), B’) is of full row rank we get

(S V) = ( . ) 1+BB)” (T V) (1+BB) (ILB).
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Hence,

CMH® = Y7 (0? — ) (7 VO™ S0 (0 — puf)
/ Mz X7 + My ~ ~

= D (m — 1) (Zizl Vi) > (- )
= 3 (o — ) (20 V)T (i — )

Now, T'd* = (n; — p;) and
Vi=Tpir+ (Df@ - féf;/) ® (Dg — I.1Y)

yields that CM H* = CMH, i.e.

T Z:’izl dv
i i Nt
X (Zgﬁ Dit+ <Df'§'! — f;f;’) ® (Dgi — f‘iﬁ’))
x oy d

What happens if we use an arbitrary g inverse instead of the Moore-
Penrose inverse? The quadratic form is invariant if "% (n; — ;) is in the
column space of > "% V;. But this is in general not the case notwithstanding
that (n; — u;) is in the column space of V;. The quadratic form is asymp-
totically x? distributed for arbitrary g inverses but the equivalence with the

standard definition of CMH holds for the Moore-Penrose inverse only.

Remark 5. If we had used the scaling factor n;y . — 1, the formula would be

My il
Tryisd
5 +
% Zmz Piyy D- — 1Y ® (D~' - fi’)
=1 p;y 4 —1/T Ty YTy ry 2tz
my 7
x Y dl

D Further Simulations

In this section I provide some more simulation results.

33



D.1 Independence Tests

It is important to keep in mind that p = p, ® p, does not imply that X, is
independent from Y; ; for [ # 0. But as all tests aim only at the difference
between p and p, ® p, none of the tests is able to detect these kind of

dependencies.

Example 5. Suppose that the process Uy = X; ®Y; is a simple Markov chain

with transition probability

It is straightforward to verify that p = (1/4)(1,1,1,1)" and p, = p, =
(1/2)(1,1). Hence, p = ps ® py. Moreover,

11

1
Qw:Qy:§<1 1

) and Q# Q, ® Qy.
If we condition X; and Y; on both X, 1 and Y, 1 then they are in general
(for a # 1/2) not independent. Figure |1(] illustrates that none of the tests
has any power to detect this kind of dependence.

To handle such a situation we have to test whether Q = Q, ® Q,. The
procedure used in |Solow et al. (1995] and |Sandland [1970] works well as is
tllustrated in Figure|11).

The next two examples illustrate that the rejection rates of the standard

Pearson test for independence deviates considerably from the nominal size.

Example 6. To illustrate the size of the various independence tests consider

the follwing simple Markov chain

a 1—a

Qz:Qy:< >f07"a€(0,1).

l1—a a

o4



Figure 10: The rejection rate at a nominal level of 10% for Example |5, The
results are based on 1000 simulations for a from 0.1 to 0.9 in steps of 0.01.
The number of observations in each simulation equals 100. The power equals
the size for all test procedures used in Section .
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Figure 11: The rejection rate at a nominal level of 10% for Example . We
test whether Q = Q, ® Q,. The results are based on 1000 simulations
for a from 0.1 to 0.9 in steps of 0.01. The number of observations in each
simulation equals 100. The rejection rate of Pearson y? test is plotted as a
benchmark.

Solow
09r x| 4

Rejection Rate
© o o o o o
w £ (6} (o)) ~ [o¢]
T T T T T T
1 1 1 1 1 1

o
N
T
Il

0.1

56



Figure 12: The rejection rate at a nominal level of 10% for the Example @
The results are based on 1000 simulations for a from 0.1 to 0.9 in steps of
0.01. The number of observations in each simulation equals 100. The smooth
red line is the theoretical rejection rate of X2.
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{X:} and {Y;} are independent. Q equals Q, ® Q, and p = p, ® p, with
p: = py = (0.5,0.5)". The asymptotic distribution of X? is equivalent to
(1—2a+2a?)/(2a(1—a))x?. For the simulations I used T = 100 observations.
The naive estimator is based on T = 4 lags. a ranges from 0.1 to 0.9 with
increments of 0.01. As already derived in Example |1| the autocorrelation of
X} and Y} equals 2a — 1. All results are based on 1000 simulations. Figure
displays the results. The rejection rates of the Pearson test are very high
fora close to 0 or 1. All other tests perform reasonably well across the entire

range of a.
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Example 7. Suppose that Q, is as in Ezample |6 but

Qy=<1_a ¢ )forae((),l).

a 1—a

{X:} and {Y;} are independent. Again, Q equals Q, ® Q, and p = p, ® py
with p, = p, = (0.5,0.5)". The asymptotic distribution of X?* is equivalent
to 2a(1 —a)/(1 —2a+2a*)x2. In this case the rejection rates of the Pearson

test are below the size for a close to 0 or 1. The results are illustrated in

Figure[13

How should we deal with higher order Markov processes? Pesaran and
Timmermann| [2009] suggest to include higher lags into the regressor matrix
W. This approach is not correct but works mostly very well in simulations.
Alternatively, we may transform the process into a simple Markov chain.
This correct approach suffers from the problem that the number of states

grows exponentially with the inclusion of additional lags.

Example 8. Suppose that {X;} and {Y;} are independent Markov processes
of order 2. The transition matrices for X; = X;_1 @ X; and Y, = Y,_1 Q Y,

are given by

o 9
—_
o |
Q
—_
| o
Q
Q@ o

Q: =Qy = fora e (0,1).

—_
|
S
o 2
]
=}

Both processes are simple Markov chains if and only if a = 0.5. For each a
from 0.1 to 0.9 in steps of 0.01 I performed 1000 simulations with T = 100
observations. To test whether {X;} and {Y;} are independent I calculated
the trace statistic by including up to 3 lags into the regressor matric W.
Figure[1J) displays the results. For a between 0.3 and 0.7 the rejection rate is
very close to the size irrespective how many lags are included. For a < 0.3
(a > 0.7) the rejection rate deviates from the level unless we include 3 lags

although both processes are only of order 2. If we perform the trace test on
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Figure 13: The rejection rate at a nominal level of 10% for the Example
The results are based on 1000 simulations for a from 0.1 to 0.9 in steps of
0.01. The number of observations in each simulation equals 100. The smooth
red line is the theoretical rejection rate of X2.
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Figure 14: The rejection rate of the trace statistic including different numbers
of lags at a nominal level of 10% for Example[8, The results are based on 1000
simulations for a from 0.1 to 0.9 in steps of 0.01. The number of observations
in each simulation equals 100.
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X, and Y,, we run into a serious small sample problem. We have only 100
observations for 16 states. The performance is very weak in particular for

a < 0.3 and a > 0.7.

D.2 CMH* vs CMH: Constant Odds Ratio

Loosely speaking the CM H test aims at situations were the deviation from

independence is similar across the different categories of the variable condi-
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tioned upon. Suppose that m, = m, = 2 and that the odds ratio

riopi
1,172,2 .
— > —=c Vi.

TR
T12721

Conditional independence implies that ¢ = 1. If the odds ratio is constant
and different from 1 the C' M H statistic should have more power than C'M H*.

Example 9. Let p = 0.25(a,1—a,1—a,a,a,1—a,1—a,a)’. p, = (0.5,0.5)".
The odds ratio equals (a/(1—a))? irrespective whether we condition on X ; =
1 or Xy, = 1. I simulated 1000 processes with T' = 100 for each a from 0.01
to 0.98 in steps of 0.01. The results are illustrated in Figure [12

We observe that the performance of C'M H is only marginally better than
that of CM H*. The cost of using C'M H* instead of C'M H seems to be low

even in this case.

E Small Sample Critical Values

To illustrate size and power of the tests I use the same process as |Pesaran

and Timmermann| [2009]. Let
Ty = Qry—1 + 1y and Y = QY1 + €

with v = 76 + /1 — r?gynt. Both, 7, and ¢; are i.i.d. standard normal
variables. The cross-correlation of the increments r,, is set to 0 for the size
and to 0.2 for the power simulations. The simulated data is categorized into
m = mg, = m, equally probable bins. In the main text I used the critical
values from the asymptotic distribution. W, Xg performed very poorly.
Here, I will use estimated critical values for sample sizes of T" = 20, 50, 100,
and 500. The values are summarized in Table Bl Each value is calculated
on the basis of 100,000 simulations of discrete i.i.d. random variables with
pi = 1/m for i = 1,...,m. The deviations from asymptotic values are
sizable for X2, W,,, Xg, and the trace statistic for T = 20. Observe that the
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Figure 15: The rejection rate at a nominal level of 10% for Example @ The
results are based on 1000 simulations for a from 0.01 to 0.98 in steps of 0.01.
The number of observations in each simulation equals 100.
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T X? X2 X3} X2, Wy W, X2 X?  Trace

20 | 4.105 3.908 3952 3.925 3910 2.819 3.925 3.089  4.440
50 | 3.945 3.896 3922 3918 3921 3.883 3918 3.886  4.073
100 | 3.962 3921 3940 3939 3.939 3.921 3939 3.898  3.987
500 | 3.867 3.864 3.866 3.866 3.866 3.864 3.866  3.858  3.872
oo | 3.841  3.841 3.841 3.841 3.841 3.841 3.841 3.841 3.841

20 | 9.228 9.074 9.233 9.141 9.131  6.812 9.163 8230 11.115
50 | 9470 9426 9479 9457 9.454  9.367  9.433  9.419 10.256
100 | 9.465 9451 9464  9.460 9.464 9.456  9.462  9.477  9.879
500 | 9.532 9.534 9536  9.535  9.539  9.541  9.538  9.500  9.575
oo | 9488 9488 9488  9.488  9.488  9.488  9.488  9.488  9.488

20 | 16.250 15.866 16.410 16.088 16.044 12.113 16.025 14.613 15.717
50 | 16.612 16.537 16.589 16.581 16.624 16.350 16.564 16.464 18.704
100 | 16.846 16.839 16.847 16.846 16.854 16.808 16.844 16.784 17.873
500 | 16.890 16.887 16.887 16.887 16.890 16.882 16.886 16.865 17.079
oo | 16.919 16.919 16.919 16.919 16.919 16.919 16.919 16.919 16.919

N N NN ISUSUSUNGUT AV Ul Ol R Y B

Table 5: Critical values for a size of 5% for the various tests. These values
are estimated using 100,000 simulations of discrete i.i.d. random variables
with p; =1/m fori=1,...,m.

estimated critical values for the trace statistic are quite different from those
given in Pesaran and Timmermann| [2009].

The performance of the trace statistic is very poor in the case of serial
correlation and m > 2. The results are displayed in Tables [ and [7] Tables

and [9) summarize the results for the power of the tests.
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m T X? X2 X3 X2 Wx W, X2 X2 Trace
2 20 0.051 0.051 0.050 0.053 0.050 0.049 0.053 0.044 0.054
250 0.043 0.052 0.048 0.048 0.047 0.053 0.048 0.048 0.047
2100 0.048 0.046 0.047 0.048 0.047 0.046 0.048 0.045 0.045
2 500 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.058 0.058
3 20 0.057 0.057 0.053 0.056 0.049 0.050 0.052 0.048 0.046
3 50  0.052 0.049 0.048 0.050 0.050 0.043 0.049 0.052 0.052
3100 0.049 0.049 0.049 0.049 0.049 0.047 0.050 0.049 0.048
3 500 0.044 0.045 0.044 0.044 0.044 0.044 0.044 0.044 0.045
4 20 0.055 0.055 0.055 0.054 0.046 0.049 0.051 0.059 0.053
4 50 0.030 0.031 0.032 0.031 0.029 0035 0031 0.035 0.037
4 100 0.048 0.047 0.048 0.048 0.049 0.048 0.049 0.049 0.047
4 500 0.040 0.039 0.040 0.040 0.040 0.040 0.040 0.039 0.041

Table 6: Size of independence tests: level 5%, no serial correlation (¢ = 0),

no cross-correlation (r,,—0), 1000 simulations.

m T X X2 X3 X2, Wx W, X2 X2 Trace
220 0.146 0.055 0.065 0.058 0.044 0.029 0.058 0.037 0.040
2 50 0191 0.071 0.076 0.076 0.074 0.042 0.076 0.059 0.059
2 100 0.246 0.068 0.086 0.085 0.087 0.067 0.085 0.055 0.056
2 500 0.210 0.052 0.071 0.071 0.071 0.052 0.071 0.052 0.052
3 20 0140 0.075 0.098 0.052 0.031 0.028 0.038 0.039 0.019
3 50 0.248 0.073 0.067 0.068 0.056 0.032 0.053 0.053 0.033
3 100 0.282 0.079 0.086 0.087 0.071 0.061 0.070 0.081 0.079
3 500 0.294 0.071 0.090 0.091 0.070 0.046 0.070 0.060 0.059
4 20 0102 0.063 0.102 0.041 0021 0.019 0.031 0.025 0.007
4 50 0205 0.068 0.058 0.052 0.043 0.029 0.038 0.054 0.008
4 100 0.264 0.082 0.074 0.073 0.061 0.063 0.058 0.046 0.009
4 500 0.293 0.081 0.091 0.091 0.057 0.043 0.057 0.050 0.039

Table 7: Size of independence tests: level 5%, serial correlation (¢ = 0.8),

no cross-correlation (r,,—¢), 1000 simulations.
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m T X? X2 X3 X2 Wx W, X2 X2 Trace
2 20 0.078 0.077 0.076 0079 0079 0.077 0.079 0.062 0.080
2 50 0.142 0.152 0.152 0.154 0.152 0.151 0.154 0.142 0.144
2 100 0.244 0.234 0241 0.240 0.241 0234 0.240 0.232 0.228
2 500 0.817 0.816 0.818 0.819 0.818 0.816 0.819 0.812 0.812
320 0.080 0.085 0.087 0.083 0081 0062 0.082 0.053 0.059
3 50 0114 0112 0112 0111 0.117 0.111 0.116 0.110 0.112
3100 0199 0.200 0.198 0.198 0.200 0.194 0.200 0.189 0.190
3 500 0.818 0.819 0.817 0817 0817 0.817 0.817 0.818 0.821
4 20 0.073 0.066 0.073 0.075 0.076 0.073 0.079 0.068 0.071
4 50 0.089 0.089 0.089 0.088 0.090 0.089 0.088 0.077 0.078
4 100 0.152 0.155 0.150 0.147 0.147 0.148 0.152 0.150 0.153
4 500 0.787 0.787 0.787 0.787 0.789 0.789 0.790 0.785 0.786

Table 8: Power of independence tests: level 5%, no serial correlation () =
cross-correlation 7., = 0.2, 1000 simulations.

m T X X2 X3 X2, Wx W, X2 X2 Trace
220 0.169 0.081 0.079 0.066 0052 0034 0.065 0.048 0.045
2 50 0275 0.106 0.126 0.123 0.127 0.066 0.123 0.090 0.091
2 100 0.374 0.167 0.194 0.193 0.195 0.163 0.193 0.128 0.127
2 500 0.722 0.455 0.506 0.506 0.506 0.455 0.506 0.441 0.442
3 20 0163 0.095 0.113 0.065 0.037 0.037 0.049 0.051 0.021
3 50 0.295 0.112 0.107 0.106 0.074 0.042 0.076 0.086 0.055
3 100 0407 0.161 0.178 0.177 0.113 0.094 0.111 0.133 0.125
3 500 0.746 0.508 0.544 0.544 0.398 0.354 0.397 0.498 0.497
4 20 0117 0072 0.101 0.045 0.029 0031 0.044 0.031 0.006
4 50 0274 0113 0.094 0.091 0.064 0.049 0.068 0.078 0.014
4 100 0399 0151 0.143 0.142 0.083 0.079 0.083 0.123 0.028
4 500 0.762 0486 0.507 0.507 0.299 0.272 0.300 0.517 0.443

0),

Table 9: Power of independence tests: level 5%, serial correlation (¢ = 0.8),
cross-correlation 74, = 0.2, 1000 simulations.
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