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Editorial

In this paper Helmut Elsinger and Martin Summer analyze the pricing of risky

income streams in a world with competitive security markets and portfolio

constraints. The authors investigate how one can transfer concepts and pricing

techniques from a world without frictions to such a more realistic situation.

Basically two new aspects arise: The no arbitrage condition has to be replaced

by a weaker concept, which is called no unlimited arbitrage. Furthermore an

appropriate technique is required for deriving from this concept a pricing theory

for contingent claims. The authors show how to achieve this task in a simple

way, which is applicable to many relevant constraint situations.
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Duelwudjh dqg Rswlpdo Sruwirolr Fkrlfh zlwk
Ilqdqfldo Frqvwudlqwv1�

Khopxw Hovlqjhu|

Xqlyhuvlw| ri Ylhqqd
D04543 Ylhqqd

Dxvwuld

Pduwlq Vxpphu}

Rhvwhuuhlfklvfkh Qdwlrqdoedqn
Hfrqrplf Vwxglhv Glylvlrq

D04344 Zlhq

Devwudfw

Zh dqdo|}h wkh sulflqj ri ulvn| lqfrph vwuhdpv lq d zruog zlwk frpshwlwlyh
vhfxulw| pdunhwv zkhuh lqyhvwruv duh frqvwudlqhg e| uhvwulfwlrqv rq srvvleoh sruwir0
olr kroglqjv1 Zh lqyhvwljdwh krz zh fdq wudqvihu frqfhswv dqg sulflqj whfkqltxhv
iurp d zruog zlwkrxw iulfwlrqv wr vxfk d pruh uhdolvwlf vlwxdwlrq1 Zh vkrz wkdw
edvlfdoo| wzr qhz dvshfwv dulvh= Iluvw/ sruwirolr frqvwudlqwv fdq ohdg wr vlwxdwlrqv
zkhuh qrw doo duelwudjh rssruwxqlwlhv duh qhfhvvdulo| holplqdwhg1 Iru d zruog zlwk
sruwirolr frqvwudlqwv wkh frqfhsw ri qr duelwudjh kdv wr eh uhsodfhg e| d zhdnhu
frqfhsw zklfk zh fdoo qr xqolplwhg duelwudjh1 Vhfrqg/ wkrxjk zh fdq fkdudfwhul}h
sulfhv zklfk doorz qr xqolplwhg duelwudjh e| wkh h{lvwhqfh ri fhuwdlq vwdwh sulfhv
dv lq wkh xqfrqvwudlqhg fdvh/ dgglwlrqdo frpsxwdwlrqdo zrun lv qhhghg iru ghulylqj
iurp wklv idfw d sulflqj wkhru| iru frqwlqjhqw fodlpv1 Zh sursrvh d whfkqltxh zklfk
fdq dfklhyh wklv wdvn dqg zklfk uhqghuv lwvhoi iru d frpsxwdwlrqdoo| vlpsoh lpsoh0
phqwdwlrq iru pdq| frqvwudlqw vlwxdwlrqv zklfk duh ri sudfwlfdo lqwhuhvw1 Wkh srzhu
ri qr duelwudjh whfkqltxhv lv suhvhuyhg lq wkh vhqvh wkdw qr vshfl�f dvvxpswlrqv
derxw xwlolw| ixqfwlrqv ri lqyhvwruv kdyh wr eh pdgh1 Zh uhodwh rxu dqdo|vlv wr wkh
rswlpdo ghflvlrq sureohp ri dq lqyhvwru dqg vkrz wkh ydulrxv uhodwlrqv ehwzhhq wkh
surshuwlhv ri dq rswlpdo vroxwlrq wr wklv sureohp dqg wkh duelwudjh0iuhh ydoxhv ri
ulvn| lqfrph vwuhdpv1 Wklv rshqv d xql�hg ylhz rq wkh gl�huhqw dssurdfkhv wr dvvhw
sulflqj xqghu sruwirolr frqvwudlqwv xvhg lq wkh olwhudwxuh dqg frqyh|v wkhlu frpprq
xqghuo|lqj orjlf1

Nh|zrugv= Duelwudjh/ Sruwirolr Frqvwudlqwv/ Dvvhw Sulflqj
MHO0Fodvvl�fdwlrq Qxpehuv= J45/ J46/ J44/ F94/ F96

�Zh wkdqn Hqjhoehuw Grfnqhu/ M ujhq Hlfkehujhu/ Mrvhi Idonlqjhu/ Vlprq Jçfkwhu/ Wkruvwhq Khqv/
Emduqh Dvwuxs Mhqvhq/ Nodxv Ulw}ehujhu/ Zdowhu Vfkdfkhupd|hu/ Oxflh Whsod/ Plfkdho Yloodyhugh/ Mrvhi
]hfkqhu vhplqdu sduwlflsdqwv dw Dqndud/ Ero}dqr/ Jud}/ Orqgrq/ Uhjhqvexuj/ Wrurqwr dqg Ylhqqd iru
khosixo frpphqwv1 Wkh jhqhurxv vxssruw ri Eudxhuhl Irkuhqexuj Eoxghq} dqg Shwhu Vxpphu zkr khoshg
xv zlwk d khdwhg id{ h{fkdqjh gxulqj d ghflvlyh vwdjh ri wklv zrun/ lv judwhixoo| dnqrzohgjhg1

|H0Pdlo= Khopxw1HovlqjhuCxqlylh1df1dw
}H0pdlo= Pduwlq1VxpphuCrhqe1fr1dw

4



4 Lqwurgxfwlrq

Sulflqj vhfxulwlhv dqg ulvn| lqfrph vwuhdpv e| qr duelwudjh dujxphqwv kdv ehfrph wkh fruqhu0
vwrqh ri prghuq dvvhw sulflqj wkhru|1 Qr0duelwudjh dujxphqwv kdyh dovr ehhq dq lpsuhvvlyh
sudfwlfdo vxffhvv1 Wkh ydoxdwlrq whfkqltxhv ghulyhg iurp wkhp kdyh ehfrph wkh gdlo| wrrov dqg
zrunkruvhv ri wkrxvdqgv ri sudfwlwlrqhuv dqg �qdqfldo hqjlqhhuv zruogzlgh1 Wkh lghd ri qr duel0
wudjh lv vlpsoh1 Lw uhtxluhv wkdw fruuhfwo| sulfhg vhfxulwlhv vkrxog pdnh lw lpsrvvleoh wr dfklhyh
e| �qdqfldo wudqvdfwlrqv d frqvxpswlrq exqgoh dw }hur frvwv wkdw lqfuhdvhv vrph lqyhvwru*v xwlo0
lw|1 Wklv lghd xowlpdwho| uholhv rq dq htxloleulxp dujxphqw dqg kdv srzhuixo lpsolfdwlrqv iru
dvvhw sulflqj irupxodv1 D juhdw ghdo ri wklv srzhu frphv iurp wkh idfw wkdw wkh txhvwlrq zkhwkhu
ru qrw vhfxulw| sulfhv gr doorz duelwudjh/ fdq eh lqihuuhg iurp revhuydeoh gdwd= wkh sulfhv ri
dfwlyho| wudghg vhfxulwlhv dqg wkhlu sd|r� vwuxfwxuh1 Zh gr qrw kdyh wr nqrz wkh hqwluh htxl0
oleulxp1 Pruhryhu rqfh wkh �fruuhfw� vhfxulw| sulfhv kdyh ehhq irxqg/ wkh sulfh ri dq| ulvn|
lqfrph vwuhdp zklfk fdq eh jhqhudwhg e| frpelqdwlrqv ri wkhvh vhfxulwlhv lv ghwhuplqhg1 Wkxv
vhfxulw| sulflqj e| qr duelwudjh ohdgv wr d jhqhudo ydoxdwlrq whfkqltxh iru duelwudu| frqwlqjhqw
fodlpv/ zklfk fdq eh jhqhudwhg iurp vhfxulwlhv wudghg rq �qdqfldo pdunhwv1

\hw wkh irupxodv duh ghulyhg xqghu kljko| lghdol}hg frqglwlrqv1 Dprqj wkhp/ shuihfw frpshwlwlrq
dqg iulfwlrqohvv vhfxulw| wudglqj duh wkh wzr prvw lpsruwdqw rqhv1 Hylghqfh dv zhoo dv sudfwlfdo
h{shulhqfh vxjjhvwv wkdw wkh dvvxpswlrq ri sulfh wdnlqj ehkdylru lv wr d odujh h{whqw idluo|
dssursuldwh iru �qdqfldo pdunhwv iru vwdqgdug vhfxulwlhv/ vxfk dv rswlrqv/ ixwxuhv/ vwrfnv dqg
erqgv1 Wkh dvvxpswlrq ri iulfwlrqohvv wudglqj 0 krzhyhu 0 lv vxuho| lqdssursuldwh1 Pdujlq
uhtxluhphqwv/ vkruw vhoolqj uhvwulfwlrqv/ eruurzlqj frqvwudlqwv dqg froodwhudo uhtxluhphqwv ehorqj
wr wkh edvlf idfwv ri +�qdqfldo, olih/ hyhq iru wkh prvw frpshwlwlyh �qdqfldo pdunhwv1

Lq wklv sdshu zh dvn zkhwkhu dqg krz zh fdq wudqvihu wkh srzhu dqg wkh vlpsolflw| ri sulflqj d
ulvn| lqfrph vwuhdp e| qr duelwudjh dujxphqwv wr d zruog zkhuh vxfk frqvwudlqwv elqg lqyhvwruv
lq wkhlu sruwirolr ghflvlrqv1 Wkh dqvzhu zh jhw lv wkdw wklv wudqvihu lv lqghhg srvvleoh exw zh
kdyh wr lqwurgxfh d qhz frqfhsw dqg zh kdyh wr gr vrph h{wud frpsxwdwlrqdo zrun1 Iluvw ri doo
lw wxuqv rxw wkdw rqfh sruwirolr frqvwudlqwv duh wdnhq lqwr dffrxqw wkh uhtxluhphqw wkdw �qdqfldo
pdunhwv dgplw qr duelwudjh lv wrr uhvwulfwlyh1 Zh dujxh wkdw wkh dssursuldwh fulwhulrq zh kdyh wr
xvh lq d zruog zlwk iulfwlrqv/ lv d frqfhsw zklfk zh fdoo qr xqolplwhg duelwudjh1 Frqvwudlqwv fdq
ohdg wr vlwxdwlrqv zkhuh qrw doo duelwudjh rssruwxqlwlhv duh holplqdwhg lq htxloleulxp ehfdxvh
wkh frqvwudlqwv suhyhqw lqyhvwruv wr ixoo| wdnh dgydqwdjh ri wkhp1 Lq sdudooho wr wkh iulfwlrqohvv
zruog zh fdq fkdudfwhul}h wkh uhtxluhphqw wkdw �qdqfldo pdunhwv dgplw qr xqolplwhg duelwudjh
e| wkh h{lvwhqfh ri fhuwdlq vwdwh sulfhv1 Xqiruwxqdwho|/ frqwudu| wr wkh xqfrqvwudlqhg zruog zh
duh qrw uhdg| iru sulflqj lqfrph vwuhdpv diwhu zh kdyh rewdlqhg vxfk d fkdudfwhul}dwlrq ri qr
xqolplwhg duelwudjh1 Zh vkrz wkdw iru dq| lqfrph vwuhdp wkdw fdq eh uhsolfdwhg zh kdyh wr
�qg dprqj doo wkh fdqglgdwh vwdwh sulfhv/ wkh �fruuhfw� rqhv iru d sduwlfxodu lqfrph vwuhdp1 Zh
sursrvh d frpsxwdwlrqdoo| vlpsoh surfhgxuh zklfk lv deoh wr dffrpsolvk wklv wdvn1 Lw fdq eh vhw
xs iurp wkh edvlf gdwd ri vhfxulw| sulfhv/ �qdqfldo frqwudfwv zlwk wkhlu sd|r� vwuxfwxuh dqg wkh
uhohydqw frqvwudlqwv rq ihdvleoh sruwirolr srvlwlrqv1 Zh duh wkxv deoh wr suhvhqw d sulflqj wkhru|
iru duelwudu| frqwlqjhqw fodlpv wkdw fdq eh uhsolfdwhg e| h{lvwlqj vhfxulwlhv xqghu frqvwudlqwv
zlwkrxw uhtxlulqj dq| sduwlfxodu nqrzohgjh ri lqyhvwru xwlolw| ixqfwlrqv eh|rqg vrph jhqhudo
dvvxpswlrqv rq wkh vwuxfwxuh ri suhihuhqfhv1

Vlqfh lw lv rxu dlp wr dqdo|}h dqg foduli| vrph ri wkh frqfhswxdo txhvwlrqv wkdw dulvh lq wudqvihu0
ulqj dujxphqwv lq wkh vslulw ri qr0duelwudjh wr d iudphzrun zkhuh lqyhvwruv duh frqvwudlqhg lq
wkhlu srwhqwldo sruwirolr kroglqjv/ zh kdyh ghflghg wr xvh d iudphzrun/ zklfk kdv wkh plqlpdo
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vwuxfwxuh wkdw lv deoh wr dgguhvv wkh lvvxhv lq d phdqlqjixo zd|1 Wkh uhdghu lqlwldwhg wr prghuq
dvvhw sulflqj wkhru| dqg vhfxulw| sulflqj pljkw wkxv shukdsv plvv wkh ulfk vwrfkdvwlf vwuxfwxuh
zklfk kdv ehfrph d wudgh pdun ri wklv olwhudwxuh1 Zh suhvhqw rxu dujxphqwv lq d iudphzrun
wkdw lv vwulsshg wr wkh eduh hvvhqwldov wr frqyh| wkh edvlf orjlf ri sulflqj frqwlqjhqw fodlpv xqghu
frqvwudlqwv1 Rxu uhvxowv gr krzhyhu qrw ghshqg rq wkh vlpsol�hg iudphzrun dqg fdq hdvlo| eh
jhqhudol}hg wr ulfkhu vhwxsv1

Wkh sdshu lv rujdql}hg dv iroorzv= Vlqfh dw �uvw vljkw doo wkh gl�huhqw frqwulexwlrqv wr wkh
sulflqj sureohp xqghu frqvwudlqwv vhhp wr r�hu wkhlu rzq +lglrv|qfudwlf, dssurdfk zh kdyh
ghflghg wr vwduw lq vhfwlrq 5 zlwk d glvfxvvlrq ri wkh olwhudwxuh wr sxw wkh sdshuv lqfoxglqj rxu
rzq frqwulexwlrq lqwr shuvshfwlyh1 Vhfwlrq 6 jlyhv dq h{srvlwlrq ri wkh prgho dqg lqwurgxfhv
wkh irupdo ghvfulswlrq ri frqvwudlqwv dorqj zlwk vrph h{dpsohv1 Vhfwlrq 7 ghvfulehv wkh ihdvleoh
lqfrph wudqvihuv lq �qdqfldo pdunhwv zlwk sruwirolr frqvwudlqwv1 Vhfwlrq 8 fkdudfwhul}hv qr
xqolplwhg duelwudjh lq whupv ri vwdwh sulfhv1 Vhfwlrq 9 ghprqvwudwhv krz wklv fkdudfwhul}dwlrq
fdq eh xvhg wr sulfh dq duelwudu| frqwlqjhqw fodlp e| qr xqolplwhg duelwudjh1 Vhfwlrq : frqwdlqv
uhvxowv zklfk vkrz wkh frqqhfwlrqv ehwzhhq wkh qr duelwudjh sulflqj dssurdfk dqg rswlpdo
lqyhvwru ghflvlrq sureohpv1 Wkh �qdo vhfwlrq ; frqfoxghv1 Doo surriv duh lq wkh dsshqgl{1

5 Uhodwhg Uhvhdufk

Zh gr qrw fodlp wr eh wkh �uvw dxwkruv wuhdwlqj vhfxulw| sulflqj lq wkh suhvhqfh ri sruwirolr
frqvwudlqwv1 Lq idfw wkhuh lv d jurzlqj olwhudwxuh rq wklv wrslf exloglqj rq d vwrfn ri vhplqdo
sdshuv1 Wr rxu ehvw nqrzohgjh rxu sdshu lv wkh �uvw wr sursrvh wkh frqfhsw ri qr xqolplwhg
duelwudjh dv dq dssursuldwh wrro iru dqdo|}lqj vhfxulw| pdunhwv zlwk frqvwudlqwv dqg wr ghulyh
vxlwdeoh ydoxdwlrq whfkqltxhv iurp wklv frqfhsw14 Rxu dlp lv wr ghyhors d iudphzrun lq zklfk
frqfhswxdo lvvxhv fdq eh glvfxvvhg lq d wudqvsduhqw zd| dqg zklfk lv fdsdeoh wr eulqj gl�huhqw
dssurdfkhv lq wkh olwhudwxuh lqwr d xql�hg shuvshfwlyh1

Lq wkh iroorzlqj zh jlyh dq ryhuylhz rq wkh uhfhqw olwhudwxuh rq sruwirolr frqvwudlqwv zklfk lv prvw
forvho| uhodwhg wr wkh lghdv glvfxvvhg lq rxu sdshu1 Zh vxjjhvw wr fodvvli| wkh sdshuv dffruglqj
wr wzr eurdg fdwhjrulhv1 Wkh olwhudwxuh lq wkh �uvw fdwhjru| dssurdfkhv wkh ydoxdwlrq sureohp
zlwk frqvwudlqwv e| h{whqglqj d fodvvlfdo sdshu e| Kduulvrq dqg Nuhsv ^54` +vhh dovr Nuhsv ^59`,
zklfk glvfxvvhv wkh fdvh ri dq xqfrqvwudlqhg �qdqfldo pdunhw1 Wkh sulplwlyhv e| zklfk wkh
sureohp lv dssurdfkhg wkhuh lv dq devwudfw olqhdu vsdfh ri qhw0wudghv wrjhwkhu zlwk d olqhdu
sulflqj ixqfwlrq gh�qhg rq wklv vsdfh1 Wkhvh wzr remhfwv uh hfw lq dq devwudfw zd| iulfwlrqohvv
wudglqj ri duelwudu| ulvn| lqfrph vwuhdpv +wkh olqhdu vsdfh surshuw|, dqg shuihfw frpshwlwlrq
+wkh olqhdulw| ri wkh sulflqj ixqfwlrqdo,1 Lw lv dvvxphg wkdw wkh hfrqrp| lv srsxodwhg e| djhqwv
zlwk suhihuhqfhv ryhu qhw wudghv derxw zklfk vrph jhqhudo surshuwlhv duh nqrzq1 Dprqj wkhvh/
prqrwrqlflw| +�pruh lv ehwwhu�, lv wkh prvw lpsruwdqw rqh1 Lq wklv frqwh{w wkh txhvwlrq lv dvnhg=
Zkhq fdq wkh sulflqj ixqfwlrqdo wrjhwkhu zlwk wkh ihdvleoh qhw wudghv eh sduw ri dq hfrqrplf
htxloleulxp/ li djhqwv duh nqrzq wr kdyh wkhvh jhqhudo surshuwlhvB +vhh Nuhsv ^59/ s1 53`, Wkh
dqvzhu wr wklv txhvwlrq lv wkhq jlyhq e| d fkdudfwhul}dwlrq ri d qr duelwudjh uhtxluhphqw yld wkh
h{lvwhqfh ri fhuwdlq vwdwh sulfhv1 Wkxv wkh jhqhudo lghd lv wr dssurdfk wkh ydoxdwlrq sureohp
zlwkrxw srvwxodwlqj d vshfl�f vwuxfwxuh rq djhqwv* suhihuhqfhv ehvlghv ri vrph jhqhudo surshuwlhv1
Wklv jhqhudo lghd lv wkhq h{whqghg wr d zruog zlwk �qdqfldo frqvwudlqwv1 Wkh olwhudwxuh lq wkh

4Krzhyhu Fkduxsdw dqg Sulvpdq ^:` lq d fulwlfdo qrwh rq d sdshu e| Fkhq ^;` kdyh srlqwhg rxw frqfhswxdo
sureohpv dulvlqj e| qdlyho| wudqvihuulqj wkh qr duelwudjh frqglwlrqv iurp d iulfwlrqohvv zruog wr d zruog zlwk
frqvwudlqwv1
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vhfrqg fdwhjru| dssurdfkhv wkh ydoxdwlrq sureohp e| exloglqj rq wkh dqdo|vlv ri vroxwlrqv wr
dq rswlpl}dwlrq sureohp ri d uhsuhvhqwdwlyh lqyhvwru/ zkr fdq sxw klv zhdowk lqwr d ulvnohvv
edqn dffrxqw dqg d vhw ri ulvn| vhfxulwlhv wkh sulfhv ri zklfk iroorz vrph vwrfkdvwlf surfhvv1
Wkh ydoxdwlrq txhvwlrq lq wklv iudphzrun lv dqvzhuhg e| sulflqj dq| frqwlqjhqw fodlp xvlqj
wkh xwlolw| judglhqw ri wkh uhsuhvhqwdwlyh lqyhvwru1 Wkxv wkh jhqhudo lghd lq wklv dssurdfk lv
wr srvwxodwh d vshfl�f xwlolw| ixqfwlrq dqg d vshfl�f vwrfkdvwlf prgho ri vhfxulw| sulfhv wr dgg
sruwirolr frqvwudlqwv dqg dqdo|}h wkh ydoxh ri vrph jlyhq fodlp e| vroylqj wkh uhsuhvhqwdwlyh
lqyhvwru*v xwlolw| pd{lpl}dwlrq sureohp1

Rxu dssurdfk lv lq wkh vslulw ri wkh �uvw fdwhjru|1 Lpsruwdqw sdshuv lq wklv olwhudwxuh duh Kh
dqg Shduvrq ^53`/ Mrxlql dqg Ndoodo ^57`/ ^58`/ Kxdqj ^55`1 Mrxlql dqg Ndoodo irupxodwh wkhlu
prgho e| uhvwulfwlqj wkh iudphzrun ri Kduulvrq dqg Nuhsv ^54`1 Wkh| wdnh d frqyh{ frqh5

ri qhw wudghv +lqvwhdg ri d olqhdu vsdfh, dqg d vxeolqhdu sulflqj ixqfwlrq +lqvwhdg ri d olqhdu
rqh, iru frqwlqjhqw fodlpv dv d sulplwlyh16 Xvlqj wkhvh sulplwlyhv/ qr duelwudjh lv fkdudfwhul}hg
zkhq vrph jhqhudo surshuwlhv rq lqyhvwruv* suhihuhqfhv duh dvvxphg1 Rxu prgho frqwdlqv wkh
uhvxow ri fkdudfwhul}lqj qr duelwudjh/ zkhq qhw wudghv duh frqvwudlqhg wr eh lq d frqh dv d
vshfldo fdvh1 Frqwudu| wr Mrxlql dqg Ndoodo/ zh wdnh vrph h�ruw wr prgho lq ghwdlo wkh uroh
ri vhfxulw| sulfhv dqg �qdqfldo pdunhwv iru wkh sulflqj ri duelwudu| frqwlqjhqw fodlpv1 Zh
dfklhyh wklv e| zrunlqj lq d voljkwo| ohvv devwudfw iudphzrun fohduo| glvwlqjxlvklqj �qdqfldo
pdunhwv/ wkh sulfhv ri vhfxulwlhv dqg duelwudu| frqwlqjhqw fodlpv zklfk fdq eh jhqhudwhg e|
wkhvh vhfxulwlhv xqghu frqvwudlqwv dv vhsdudwh remhfwv1 Zh duh wkxv deoh wr pdnh ixoo| wudqvsduhqw
xqghu zklfk frqglwlrqv olqhdu vhfxulw| sulfhv +frpshwlwlrq, dqg sruwirolr frqvwudlqwv +iulfwlrqv,
lqwhudfw wr dfwxdoo| lpso| d vxeolqhdu sulflqj ixqfwlrq iru duelwudu| frqwlqjhqw fodlpv1 Kxdqj
+4<<;, frqgxfwv d vlplodu dqdo|vlv wr rxuv lq dq lq�qlwh krul}rq hyhqw wuhh vhwwlqj iru wkh vshfldo
fdvh ri frqvwudlqw vhwv zklfk duh frqhv1 Rxu sdshu glvfxvvhv d pruh jhqhudo fodvv ri frqvwudlqwv/
ehfdxvh wkhuh duh sudfwlfdoo| lpsruwdqw vlwxdwlrqv iru zklfk wklv lv lqghhg uhtxluhg1 Ixuwkhupruh/
frqwudu| wr Kxdqj/ zh glvfxvv frqfhswxdo lvvxhv dw vrph ohqjwk dqg dqdo|}h wkh uhodwlrq ehwzhhq
qr duelwudjh/ qr xqolplwhg duelwudjh dqg rswlpdo sruwirolr ghflvlrq sureohpv1 Gxh wr wklv dvshfw
ri rxu sdshu/ zh duh deoh wr dovr frqwulexwh wr lvvxhv glvfxvvhg lq wkh olwhudwxuh rq �qdqfldo
lqqrydwlrq/ dv grfxphqwhg e| wkh sdshuv ri Doohq dqg Jdoh ^4`/ Fkhq ^;` dqg Fkduxsdw dqg
Sulvpdq ^:`1 Wkh sdshu ri Kh dqg Shduvrq ^53` lq frqwudvw wr rxuv frqvlghuv d vpdoohu fodvv
ri frqvwudlqwv1 Wkh| jlyh d fkdudfwhul}dwlrq ri duelwudjh iuhh sulfhv xqghu frqvwudlqwv iru wklv
vshfldo fdvh exw zkhq wkh| pdnh xvh ri wkh fkdudfwhul}dwlrq wr ydoxh dq duelwudu| frqwlqjhqw
fodlp/ wkh| kdyh wr xvh d xwlolw| ixqfwlrq1 Uhvruw wr d xwlolw| ixqfwlrq fdq eh dyrlghg lq rxu
dssurdfk1

Vhplqdo sdshuv lq wkh vhfrqg fdwhjru| duh Fylwdql�f dqg Ndudw}dv ^44`/^45`1 Wkhvh sdshuv frq0
vlghu jhqhudo frqyh{ frqvwudlqw vhwv dqg kdyh lqvsluhg ixuwkhu uhvhdufk/ prvw qrwdeo| Fxrfr
^<`/ Pxqn ^5<`/ ^63`/ Whsod ^68` dqg Ghwhpsoh dqg Pxuwk| ^49`1 Fylwdql�f dqg Ndudw}dv kdyh
ghyhorshg d whfkqltxh zklfk h{sorlwv gxdolw| wkhru| lq d vnlooixo zd| wr jhw duelwudjh0iuhh sulfhv
iru frqwlqjhqw fodlpv lq d uhsuhvhqwdwlyh lqyhvwru iudphzrun zlwk sruwirolr frqvwudlqwv/ zkhuh
vhfxulw| sulfhv iroorz d Eurzqldq prwlrq1 Wkrxjk zh gr qrw xvh wklv dssurdfk rxu glvfxvvlrq
ri rswlpdo lqyhvwru ghflvlrqv dqg duelwudjh iuhh sulfhv xqghu frqvwudlqwv fohduo| frqyh|v krz wkh
Fylwdql�f dqg Ndudw}dv dssurdfk lv uhodwhg wr wkh olwhudwxuh ri fdwhjru| rqh1 Dv d e|0surgxfw zh

5D qrq hpsw| vxevhw � ri d uhdo yhfwru vsdfh T lv fdoohg d frqyh{ frqh/ li % M �/ b A f i b% M �/ �%c + M �=
%n + M � +vhh Oxhqehujhu ^5:/ s14;`,1

6D uhdo ydoxhg ixqfwlrq s gh�qhg rq d uhdo yhfwru vsdfh T lv vdlg wr eh vxeolqhdu rq T li s E%n+� $ s E%�nsE+�
iru doo %c + M T dqg sEb%� ' bsE%� iru doo b A f dqg % M T 1 Dv dq h{dpsoh/ frqvlghu dq| qrup rq T 1 E|
gh�qlwlrq wkh qrup lv d uhdo ydoxhg ixqfwlrq/ zklfk lv srvlwlyh/ krprjhqhrxv dqg ixo�oov wkh wuldqjoh lqhtxdolw|/
khqfh lv d vxeolqhdu ixqfwlrq +vhh Oxhqehujhu ^5:/ s1 443`,1
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ghprqvwudwh xqghu zklfk frqglwlrqv wkhlu dssurdfk frxog eh hpsor|hg zlwkrxw pdnlqj uhihuhqfh
wr d vshfl�f uhsuhvhqwdwlyh lqyhvwru rswlpl}dwlrq sureohp +wkxv wr d sduwlfxodu xwlolw| ixqfwlrq,1

Lq wkh frqwh{w ri wkh olwhudwxuh/ rxu sdshu kdv wkh iroorzlqj frqwulexwlrqv= Iluvw/ zh ghprqvwudwh
lq dq hohphqwdu| zd| krz lghdv ri dvvhw sulflqj e| qr duelwudjh fdq eh wudqvihuuhg wr d zruog
zlwk sruwirolr frqvwudlqwv1 Vhfrqg/ zh ghulyh d sudfwlfdo dqg frpsxwdwlrqdoo| vlpsoh whfkqltxh
wr ydoxh duelwudu| +uhgxqgdqw, frqwlqjhqw fodlpv xqghu frqvwudlqwv xvlqj rqo| edvlf lqirupdwlrq
derxw wudghg vhfxulwlhv/ wkhlu sulfhv dqg wkh frqvwudlqw vlwxdwlrq1 Wklug/ zh vkrz lq d wudqvsduhqw
zd| krz frpshwlwlyh vhfxulw| sulfhv dqg wudglqj iulfwlrqv lqwhudfw wr uhvwulfw wkh ydoxdwlrq ri
duelwudu| frqwlqjhqw fodlpv/ wkxv kljkoljkwlqj wkh uroh sod|hg e| +frpshwlwlyh, �qdqfldo pdunhwv1
Irxuwk/ zh xqli| wkh gl�huhqw dssurdfkhv e| frqyh|lqj wkh xqghuo|lqj orjlf ri wkh dujxphqwv
dqg vkrz krz wkh sdshuv zklfk zh kdyh fodvvl�hg lqwr wzr fdwhjrulhv/ duh uhodwhg1

6 Wkh Ilqdqfh Prgho Zlwk Sruwirolr Frqvwudlqwv

Frqvlghu wkh vwdqgdug jhqhudo htxloleulxp/ �qdqfh prgho lq lwv vlpsohvw yhuvlrq1 Wkhuh duh
wzr gdwhv w @ 3> 4 dqg d �qlwh vhw V @ i4> ===> Vj ri vwdwhv ri wkh zruog dw gdwh 4/ ghvfulelqj
xqfhuwdlqw|1 Wkhuh lv d �qlwh vhw L @ i4> ===> Lj ri lqyhvwruv zkr zlvk wr h{fkdqjh d +qxpëudluh,
jrrg/ zklfk zh frxog wklqn ri dv lqfrph1 Lq rughu wr gr vr wkh| fdq frpshwlwlyho| wudgh d �qlwh
vhw M @ i4> ===> Mj ri �qdqfldo frqwudfwv lq txdqwlwlhv } dw sulfhv t dw gdwh 31 Ilqdqfldo frqwudfwv
duh surplvhv wr vrph sd|r� ri wkh jrrg lq wkh gl�huhqw vwdwhv dw gdwh 4 dqg duh uhsuhvhqwhg
e| d V � M pdwul{ D17 Lqyhvwruv duh fkdudfwhul}hg e| d frqwlqxrxv/ vwulfwo| txdvl0frqfdyh/ dqg
vwulfwo| prqrwrqh xwlolw| ixqfwlrq x� = U7n� $ U dqg d yhfwru $� 5 U7n�

nn ri lqlwldo hqgrzphqwv
ri wkh jrrg1

Iru wkh irupdo ghvfulswlrq ri frqvwudlqwv/ zh dvvxph wkdw hdfk lqyhvwru l 5 L fdq fkrrvh klv
sruwirolrv } frqvlvwlqj ri srvlwlrqv lq wkh M frqwudfwv wudghg rq wkh pdunhw qrw iurp Ua / dv lw
lv xvxdoo| dvvxphg/ exw rqo| iurp d forvhg/ frqyh{ vhw ] � Ua = Wr eh suhflvh zh uhtxluh

Dvvxpswlrq +FRQ,= Hdfk Lqyhvwru l 5 L pd| fkrrvh klv sruwirolr }� iurp d forvhg/ frqyh{
vhw ] � Ua > zklfk lv qrq0wulyldo/ l1h1 ] 9@ i3j dqg zklfk frqwdlqv 31

Dvvxpswlrq +FRQ, doorzv wr ghvfuleh d idluo| odujh fodvv ri sudfwlfdoo| lpsruwdqw uhvwulfwlrqv
rq sruwirolr kroglqjv1 Wr vhh wklv/ ohw xv frqvlghu vrph h{dpsohv1

H{dpsoh 4 Pdujlq Uhtxluhphqwv= Pdujlq uhtxluhphqwv duh frpprq sudfwlfh lq vhfxulw|
wudglqj1 Lq sduwlfxodu lq ghulydwlyh wudglqj lqyhvwruv duh uhtxluhg wr nhhs pdujlq dffrxqwv/ zklfk
uhsuhvhqw d shuirupdqfh erqg1 Pdujlqv duh vhw e| uhjxodwruv/ fohdulqj krxvhv dqg lqwhuphgldulhv1
Pdq| ri wkh frpprq pdujlq uhtxluhphqwv fdq eh ghvfulehg e| +FRQ,1 Wkh sduwlfxodu irup zloo
ghshqg rq wkh vshfl�f pdujlq uhtxluhphqw frqvlghuhg1 Dq h{dpsoh ri d pdujlq uhtxluhphqw lv
iru lqvwdqfh wkdw vhfxulw| srvlwlrqv fdq rqo| eh fkrvhq iurp wkh vhw

] @
�
} 5 Ua m t�}� A �p�t} iru p� 5 Unn> m 5 M �

=

7Zh dgrsw wkh frqyhqwlrq wkdw doo hqwulhv lq � duh qrq qhjdwlyh1 Lq vrph sduwv ri wkh �qdqfh olwhudwxuh vxfk
vhfxulwlhv duh fdoohg olplwhg oldelolw| dvvhwv1 Vlqfh zh grq*w lqfoxgh lqwr wkh prgho sureohpv ri edqnuxswf| dqg
ghidxow/ iroorzlqj wkh pdlqvwuhdp ri wkh olwhudwxuh rq dvvhw sulflqj/ wklv dvvxpswlrq fdq eh pdgh zlwkrxw orvv ri
jhqhudolw|1 Wkh uhvxowv gr qrw ghshqg rq wklv dvvxpswlrq1
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Wkxv wkh delolw| ri lqyhvwruv wr vkruw vhoo fhuwdlq vhfxulwlhv lv olplwhg e| wkh uhtxluhphqw wr
pdlqwdlq dq lqfrph pdujlq/ zklfk lv d +olqhdu, ixqfwlrq ri wkhlu fuhglwzruwklqhvv1 Qrwh wkdw wklv
h{dpsoh uhihuv wr pdujlqv lq ghulydwlyhv pdunhwv1 D voljkwo| gl�huhqw lvvxh duh pdujlqv uhtxluhg
lq htxlw| wudglqj1 Wkhuh wkh pdujlq kdv wkh ixqfwlrq ri d grzq sd|phqw iru wkh sxufkdvh ri
dq htxlw| dqg lv gh idfwr olnh d ordq1 Zkhq zh wdon ri pdujlq uhtxluhphqwv zh phdq pdujlq
dffrxqwv zlwk d shuirupdqfh erqg ixqfwlrq dv lw lv frpprq iru lqvwdqfh lq ixwxuhv wudglqj1

H{dpsoh 5 Froodwhudo Uhtxluhphqwv= Vrph vhfxulwlhv wudghg rq frpshwlwlyh �qdqfldo pdu0
nhwv fdq eh xvhg dv ghew lqvwuxphqwv dqg kdyh wr eh vhfxuhg e| dq dvvhw ru d srro ri dvvhwv/
zklfk duh riwhq rwkhu vhfxulwlhv1 H{dpsohv duh froodwhudol}hg vzds frqwudfwv/ froodwhudol}hg pruw0
jdjh reoljdwlrqv/ froodwhudol}hg ghsrvlwru| uhfhlswv ru froodwhudol}hg erqg reoljdwlrqv1 Rqh zd|
wr ghvfuleh vxfk frqvwudlqwv e| +FRQ, fdq iru lqvwdqfh eh dv iroorzv= Ohw xv glylgh d sruwirolr
} 5 Ua lqwr dvvhwv dqg oldelolwlhv/ ghshqglqj rq zkhwkhu }� A 3 ru }� ? 3= Ghqrwh dvvhwv e|
}n @ +pd{^3> }� `,a�'� dqg oldelolwlhv e| }3 @ +plq^3> }� `,a�'�= Wkh uhtxluhphqw wkdw oldelolwlhv duh
sduwldoo| froodwhudol}hg e| dvvhwv fdq wkh eh zulwwhq lq whupv ri wkh vhw ] dv

] @
�
} 5 Ua m �t}3 � �t}n/ � 5 ^3> 4`

�
=

H{dpsoh 6 Sruwirolr Pl{ Frqvwudlqwv ru Wdujhw Udwlrv= Frqvwudlqwv rq wkh pl{ ri d
sruwirolr ru wdujhw udwlrv iru vshfl�f dvvhwv duh frpprq lq vhfxulw| wudglqj1 Wkhvh frqvwudlqwv
fdq frph iurp ydulrxv vrxufhv/ iru lqvwdqfh uhjxodwlrqv ru frusrudwh �qdqfldo srolflhv1 Zkhqhyhu
zh kdyh d vlwxdwlrq zkhuh frqvwudlqwv ri wklv vruw rffxu/ zh fdq xvh +FRQ, wr ghvfuleh lw1 Lq
wklv fdvhv wkh vhw ] fdq eh ghvfulehg dv

] @
�
} 5 Ua m �t�}� � t&}& � �t�}� zlwk n> m 5 M / 3 � � � �

�
=

Kxdqj ^55` kdv prghoohg ghew wr htxlw| udwlrv lq wklv zd|1 Wkhvh frqvwudlqwv uhtxluh lqyhvwruv wr
nhhs wkh udwlr ri dvvhw n dqg m lq d fhuwdlq udqjh ghwhuplqhg e| wkh erxqgv � dqg �=

H{dpsoh 7 Elg0Dvn Vsuhdgv dqg Wd{hv= Dvvxpswlrq +FRQ, lv dovr deoh wr prgho wudglqj
iulfwlrqv h{suhvvhg e| gl�huhqw elg dqg dvn sulfhv/ dv vwxglhg iru lqvwdqfh e| Mrxlql dqg Ndoodo
^58`1 Wklv fdq eh irupdol}hg e| frqvlghulqj wzr �qdqfldo frqwudfwv D�/ D&/ m> n 5 M zlwk dq
lghqwlfdo sd|r� vwuxfwxuh +l1h1 D� @ D&, rqh ri zklfk fdq*w eh vrog vkruw +}� A 3,/ zkhuhdv wkhuh
lv d ex|lqj frqvwudlqw rq wkh rwkhu rqh +}& � 3,= Dv dq h{dpsoh wklqn ri d ulvnohvv edqn dffrxqw/
zklfk fdq eh xvhg iru vdylqj dqg eruurzlqj1 Wklv fdq eh prghoohg dv wzr xqfrqwlqjhqw lqfrph
vwuhdpv 4 5U7

n iru wkh vdylqjv dqg iru wkh eruurzlqj dffrxqw1 Wkh vdylqjv dffrxqw pxvw qrw eh
vrog vkruw/ zkhuhdv wkh eruurzlqj dffrxqw fdq rqo| eh khog lq qhjdwlyh dprxqwv1 Wkh uhvwulfwlrq
gh idfwr pdnhv wzr gl�huhqw dvvhwv rxw ri D�/ D& zklfk zloo eh uh hfwhg lq gl�huhqw sulfhv1 Wkh
gl�huhqfh ehwzhhq wkhvh sulfhv fdq eh lqwhusuhwhg dv d elg0dvn vsuhdg1 E| wkh vdph orjlf rqh
frxog xvh +FRQ, wr ghvfuleh wkh h�hfwv ri wd{hv dv lq Sulvpdq ^65` ru lq G|eylj dqg Urvv ^4;`

Iurp d irupdo ylhzsrlqw lq doo wkhvh h{dpsohv ] lv d frqyh{ frqh1 Wklv lv wkh fdvh doprvw
h{foxvlyho| ghdow zlwk lq pdq| sdshuv rq duelwudjh dqg sruwirolr frqvwudlqwv1 Krzhyhu wr fdswxuh
vrph lpsruwdqw dgglwlrqdo sruwirolr frqvwudlqw vlwxdwlrqv/ zklfk duh sudfwlfdoo| uhohydqw/ ohw xv
srlqw rxw wkdw rxu zhdnhu uhtxluhphqw wkdw ] lv mxvw d +forvhg dqg, frqyh{ vxevhw ri Ua lv
lqghhg qhfhvvdu|1 Wr vhh wklv frqvlghu wkh iroorzlqj=
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H{dpsoh 8 Vkruw Vhoolqj Olplwv dqg Ex|lqj Iorruv= Pdq| vhfxulwlhv duh uhvwulfwhg lq
wkh dprxqw wkdw fdq eh vrog vkruw1 Vwrfnv fdq xvxdoo| qrw eh vrog vkruw lq odujh dprxqwv ru rqo|
dw d yhu| kljk frvw1 Ex|lqj frqvwudlqwv fdq rffxu/ zkhq vrph ohjdo uhvwulfwlrqv suhyhqw kroglqj
ri sduwlfxodu vhfxulwlhv deryh vrph jlyhq wkuhvkrog suhvfulehg e| wkh uhjxodwlrq1 Frqvwudlqwv ri
wklv qdwxuh fdq hdvlo| eh ghvfulehg e| +FRQ,1 Frqvlghu iru h{dpsoh gl�huhqw vkruw vhoolqj olplwv
rq vhfxulwlhv l @ 4> ===> n dqg ex|lqj  rruv iru vhfxulwlhv m @ n . 4> ===> M/ wkhq

] @
�
} 5 Ua m }� A o�/ }� � x�/ o�> x� 5 U zlwk m @ 4> ===> n/ l @ n . 4> ===> M

�
=

Iru o 9@ 3 ru x 9@ 3 wkh frqvwudlqwv gr qrw jhqhudwh d frqh exw udwkhu d wudqvodwlrq ri d frqh1 Ohw
s @ +o> x, wkhq ] � s lv d frqh1 Iroorzlqj Oxhqehujhu ^5:` zh zloo fdoo wklv d frqh zlwk yhuwh{
s1 Iurp d irupdo srlqw ri ylhz wkhvh frqvwudlqw vhwv duh doprvw olnh wkh frqhv glvfxvvhg lq wkh
pdmru sduwv ri wkh olwhudwxuh exw qrw txlwh1 Zh zloo vhh wkdw wkh uroh sod|hg e| wkh yhuwh{ s lv
qrw dv lqqrfxrxv dv rqh pljkw dvvxph dw �uvw vljkw1 Qrwh wkdw wkh frqvwudlqw vhw qhhg qrw kdyh
d olqhdu vwuxfwxuh1 Li ihdvleoh sruwirolr kroglqjv duh ixqfwlrqv ri ulvn phdvxuhv olnh Ydoxh dw Ulvn
ihdvleoh sruwirolr kroglqjv pljkw iru lqvwdqfh ehfrph ixqfwlrqv ri yrodwlolw| sdudphwhuv1

H{dpsoh 9 Fdslwdo Dghtxdf|= Frqvwudlqwv ri wkh vruw ghvfulehg lq wkh suhylrxv h{dpsoh
kdyh ehfrph ri sduwlfxodu lqwhuhvw gxulqj wkh odvw |hduv/ zkhuh fdslwdo dghtxdf| kdv grplqdwhg
wkh uhjxodwru| ghedwh derxw �qdqfldo pdunhwv1 Fdslwdo dghtxdf| lv d ulvn pdqdjhphqw frqfhsw
zklfk uhtxluhv wkdw wkh fdslwdo ri d �qdqfldo rujdql}dwlrq lv vx!flhqw wr surwhfw lwv frxqwhusduwlhv
dqg ghsrvlwruv iurp rq0 dqg r�0edodqfh vkhhw pdunhw ulvnv/ fuhglw ulvn/ hwf1 Wkh Hxurshdq Xqlrq
kdv uhfhqwo| lpsohphqwhg fdslwdo dghtxdf| uxohv dqg wkh| kdyh ehfrph sduwlfxoduo| lpsruwdqw
lq sruwirolr lqvxudqfh1 Fdslwdo dghtxdf| uxohv zrun olnh d plqlpdo fdslwdo uhtxluhphqw +vhh
Edugkdq ^7`,1 Wkh uhtxluhphqw fdq eh d ixqfwlrq ri ulvn phdvxuhv olnh iru lqvwdqfh Ydoxh dw Ulvn
+Mrulrq ^56`,1

H{dpsoh : Ulvn Edvhg Fdslwdo Uhtxluhphqwv= Vrphwlphv fdslwdo pdunhw uhjxodwlrqv fdq
ohdg wr frqvwudlqw vlwxdwlrqv/ zkhuh wkh sruwirolr vhw ] lv erxqghg1 Fylwdql�f ^43` jlyhv dv rqh
sduwlfxodu h{dpsoh vlwxdwlrqv zkhuh ihdvleoh vhfxulw| kroglqjv duh olplwhg lq srwhqwldo orqj dqg
vkruw srvlwlrqv1 Iru lqvwdqfh wkh uhjxodwlrq ri lqvxudqfh frpsdqlhv vrphwlphv suhvfulehv vr
fdoohg ulvn edvhg fdslwdo uhtxluhphqwv1 Wkhvh uhtxluhphqwv olplw wkh dprxqwv wkdw fdq eh lqyhvwhg
lqwr dvvhwv ri d fhuwdlq +ghidxow, ulvn fodvv1 Frpelqhg zlwk vkruw vhoolqj olplwv vxfk frqvwudlqwv
ohdg wr d vhw ]/ zklfk fdq*w eh ghvfulehg e| d frqh ru d frqh wudqvodwlrq1

Wkhvh wzr h{dpsohv ehorqjv wr d fodvv ri frqvwudlqwv zklfk duh ri frqvlghudeoh sudfwlfdo lp0
sruwdqfh1 Krzhyhu lq wkhvh fdvhv ] lv qrw d frqh exw udwkhu mxvw d forvhg dqg frqyh{ vhw1
Dvvxpswlrq +FRQ, doorzv wr ghvfuleh wkhvh fdvhv1

Wklv glvfxvvlrq ghprqvwudwhv wkdw wkh frqvlghudwlrq ri pruh jhqhudo frqvwudlqw vhwv wkdq wkrvh
zklfk duh xvxdoo| ghdow zlwk lq odujh sduwv ri wkh olwhudwxuh lv lqghhg uhtxluhg wr fryhu lpsruwdqw
vlwxdwlrqv rffxuulqj lq wkh sudfwlfh ri �qdqfldo pdunhwv1

Ohw xv �qdoo| qrwh wkdw dvvxpswlrq +FRQ, lv xvhg lq gl�huhqw/ hvvhqwldoo| htxlydohqw/ yhuvlrqv1
Iru lqvwdqfh/ d vhplqdo sdshu e| Fylwdql�f dqg Ndudw}dv ^44` zrunv zlwk frqvwudlqwv rq sur0
sruwlrqv ri lqlwldo hqgrzphqw $� lqyhvwhg lq ydulrxv dydlodeoh dvvhwv +vhh dovr wkh wh{werrn e|
Solvnd ^64`,1 Vrph dxwkruv prgho gluhfw frqvwudlqwv rq groodu dprxqwv wkdw fdq eh lqyhvwhg1 Doo
wkhvh dssurdfkhv fdq hdvlo| eh wudqvodwhg lqwr hdfk rwkhu1 Lq rxu ylhz wkh ghvfulswlrq fkrvhq
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khuh doorzv d sduwlfxoduo| wudqvsduhqw ghvfulswlrq ri wkh uhodwlrq ehwzhhq frpshwlwlyh �qdqfldo
pdunhwv/ sruwirolr frqvwudlqwv/ vwdwh sulfhv dqg wkh lpsolhg frqwlqjhqw fodlp ydoxhv1

Qrwh wkdw ] frqwdlqv 31 Wklv surshuw| ri wkh sruwirolr frqvwudlqwv lv qdwxudo ehfdxvh d uhdvrqdeoh
prgho vkrxog dozd|v doorz iru qrw pdnlqj dq| �qdqfldo pdunhw wudqvdfwlrqv dqg mxvw frqvxplqj
wkh hqgrzphqw/ zkdwhyhu wkh frqvwudlqwv pd| eh1

Dv d irupdo remhfw wkh �qdqfldo pdunhw prgho lv d wxsoh H @ i+x�> $�,U�'�> +D>],j1

7 Dfklhydeoh Lqfrph Wudqvihuv Xqghu Frqvwudlqwv

Lqyhvwruv dfklhyh frqvxpswlrq lqgluhfwo| yld frpshwlwlyh vhfxulw| wudglqj1 Ehfdxvh ri sruwirolr
frqvwudlqwv/ krzhyhu/ hdfk lqyhvwru lv frq�qhg wr d uhvwulfwhg +ixwxuh, frqvxpswlrq sur�oh gh0
shqglqj rq wkh frqvwudlqw vhw ]1 Li zh dgg wr D dv wkh �uvw urz wkh yhfwru �t wr irup d qhz
pdwul{

W @

� �t
D

�
+4,

zh fdq zulwh wkh qhw lqfrph wudqvihuv dfklhydeoh iru frqvxphu l e| kroglqj d sruwirolr }� 5 ]
dv

� � @ W}�> }� 5 ]= +5,

Xvlqj +5, zh fdq gh�qh wkh ihdvleoh lqfrph wudqvihuv lqgxfhg e| wkh �qdqfldo pdunhw1 Ohw xv
lqwurgxfh wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 4 Wkh vhw ri ihdvleoh lqfrph wudqvihuv lqgxfhg e| +W>], lv ghqrwhg e|

F @ i� 5 U7n� m � @ W}> } 5 ]j=

Vlqfh ] lv d forvhg/ frqyh{ vhw/ dqg W lv d frqwlqxrxv olqhdu wudqvirupdwlrq/ wkh vhw ri dfklhydeoh
lqfrph wudqvihuv zloo dovr eh frqyh{1 Lqghhg zh fdq dvvhuw=

Ohppd 4 Wkh vhw F ri ihdvleoh lqfrph wudqvihuv lv d frqyh{ vxevhw ri U7n� frqwdlqlqj 31

Surri= Dsshqgl{1 �
Xqiruwxqdwho| wkh vhw F grhv qrw qhfhvvdulo| lqkhulw wkh forvhgqhvv ri ]18 Zh suhfoxgh vxfk d
vlwxdwlrq e| dvvxpswlrq1

Dvvxpswlrq +FRQF,= Hdfk Lqyhvwru l 5 L pd| fkrrvh klv sruwirolr }� iurp d forvhg/ frqyh{
vhw ] � Ua > zklfk lv qrq0wulyldo/ l1h1 ] 9@ i3j dqg zklfk frqwdlqv 31 ]/ D dqg t duh vxfk wkdw
F lv forvhg19

Vlqfh pdq| sudfwlfdoo| lpsruwdqw sruwirolr frqvwudlqwv fdq eh irupdoo| ghvfulehg dv frqhv ru
wudqvodwlrqv ri frqhv/ zh zdqw wr nqrz zkhwkhu wkh vhw ri ihdvleoh lqfrph wudqvihuv lqkhulwv wklv
vwuxfwxuh iurp ]1

8Vx!flhqw frqglwlrqv wkdw � zloo lqkhulw wkh forvhgqhvv surshuw| iurp ~ xqghu wkh pdsslqj A zrxog iru
lqvwdqfh lqfoxgh wkh fdvhv zkhuh ~ lv frpsdfw ru sro|khgudo1

9Dq dvvxpswlrq vlplodu wr wklv lv xvhg lq d gl�huhqw frqwh{w e| Urvv ^67`1

;



Ohppd 5 Li ] lv d frqyh{ frqh zlwk yhuwh{ s/ F lv d frqyh{ frqh zlwk yhuwh{ Ws1

Surri= Dsshqgl{1 �

8 Duelwudjh dqg Sruwirolr Frqvwudlqwv

D fhqwudo lghd ri prghuq dvvhw sulflqj wkhru| lv wkh h{sodqdwlrq ri wkh ydoxh ri vhfxulwlhv e|
dqdo|}lqj vhfxulw| sulfhv t 5 Ua zklfk doorz qr duelwudjh1 Hvvhqwldoo| wklv uhtxluhphqw h{suhvvhv
wkh lghd wkdw lq dq| htxloleulxp: lw vkrxog qrw eh srvvleoh/ e| wudglqj vhfxulwlhv/ wr dfklhyh d
frqvxpswlrq exqgoh dw }hur frvwv wkdw lqfuhdvhv vrph lqyhvwru*v xwlolw| +vhh Nuhsv ^59`,1 Wkh
uhdvrq lv wkdw lqyhvwruv zlwk prqrwrqh suhihuhqfhv zrxog wkhq zlvk wr wdnh dq xqolplwhg srvlwlrq
lq wkh duelwudjh sruwirolr wr jhqhudwh dq xqolplwhg frqvxpswlrq sur�oh1 Wkh delolw| wr wdnh
duelwudu| sruwirolr srvlwlrqv lv wkhuhiruh rqh hvvhqwldo exloglqj eorfn ri sulflqj dujxphqwv zklfk
lqyrnh d qr duelwudjh frqglwlrq1

Wkrxjk xowlpdwho| wkh sulflqj ri ulvn| lqfrph vwuhdpv e| qr duelwudjh lqgluhfwo| uholhv rq dq
htxloleulxp dujxphqw/ pxfk ri lwv srzhu frphv iurp wkh idfw wkdw wkh txhvwlrq zkhwkhu ru qrw
vhfxulw| sulfhv duh duelwudjh iuhh +dqg fdq wkhuhiruh eh sduw ri vrph htxloleulxp, fdq eh lqihuuhg
iurp wkh sd|r� vwuxfwxuh ri vhfxulwlhv/ wkh pdwul{ D dqg wkh revhuyhg vhfxulw| sulfhv t1 Wkhuh
lv qr qhhg wr nqrz wkh hqwluh htxloleulxp1 D idprxv wkhruhp ri �qdqfh +vhh iru lqvwdqfh Gx!h
^4:`, ghprqvwudwhv iru wkh vwdqgdug �qdqfh prgho wkdw wkh devhqfh ri duelwudjh lv htxlydohqw wr
wkh h{lvwhqfh ri lpsolflw +vwulfwo|, srvlwlyh ydoxhv ri lqfrph lq wkh gl�huhqw vwdwhv ri wkh zruog
0 wkh vr fdoohg vwdwh sulfhv 0 vxfk wkdw wkh ydoxh ri dq| vhfxulw| lv h{dfwo| htxdo wr wkh ydoxh
ri wkh ixwxuh lqfrph vwuhdp lw surylghv xqghu wkhvh vwdwh sulfhv1 Lw fdq wkhuhiruh eh fkhfnhg
iurp +t>D, dorqh zkhwkhu ru qrw wkhuh lv dq duelwudjh srvvlelolw|1 Rq wklv olplwhg lqirupdwlrq
lw lv wkxv srvvleoh wr �qg rxw zklfk t�v duh frqvlvwhqw zlwk vrph htxloleulxp1 Vwulfwo| srvlwlyh
vwdwh sulfhv zklfk pdnh vhfxulwlhv }hur0sur�w lqyhvwphqwv/ fkdudfwhul}h wkh devhqfh ri duelwudjh
lq wkh vwdqgdug �qdqfh prgho1

Prvw ri wkh prghov wudqvihuulqj wklv nlqg ri dujxphqw wr d zruog zlwk frqvwudlqwv zrun zlwk d
jhqhudol}dwlrq h{dfwo| dorqj wkhvh olqhv1 Lw fdq eh irupxodwhg lq dqdorj| wr wkh xqfrqvwudlqhg
fdvh= Wkh �qdqfldo pdunhw +t>D>], doorzv qr0duelwudjh li wkhuh h{lvwv qr } 5 ] zlwk W} A 3;1
Zulwwhq lq d voljkwo| ohvv frqghqvhg irup wkh gh�qlwlrq uhtxluhv wkdw wkhuh grhv qrw h{lvw d } 5 ]
zlwk �t} A 3 dqg D} � 3 zkhuh dw ohdvw hlwkhu wkh �uvw ru rqh ri wkh rwkhu V lqhtxdolwlhv lv
vwulfw1

Krzhyhu/ zkhq zh frqvlghu jhqhudo vlwxdwlrqv ri frqyh{ frqvwudlqwv dv irupdol}hg e| dvvxpswlrq
+FRQ, dqg looxvwudwhg e| wkh ydulrxv h{dpsohv zh jdyh ehiruh zh kdyh wr eh fduhixo vlqfh vxfk d
fkdudfwhul}dwlrq pljkw eh wrr vwurqj dqg zh qhhg d voljkwo| zhdnhu fulwhulrq1 Wkh sureohp zklfk
dulvhv zkhq zh frqvlghu frqvwudlqwv lq wkh fodvv ghvfulehg e| +FRQ, fdq shukdsv prvw fohduo|
eh vhhq lq d wr| h{dpsoh zkhuh ] lv d frqh zlwk yhuwh{ s1 Wkh edvlf phvvdjh ri wkh h{dpsoh
lv wkdw sruwirolr frqvwudlqwv fdq ohdg wr d vlwxdwlrq zkhuh vhfxulw| sulfhv fdq doorz lq sulqflsoh
�qdqfldo wudqvihuv wkdw lpso| olplwhg duelwudjh rssruwxqlwlhv1 Wklv vlwxdwlrq fdq qhyhuwkhohvv
eh frqvlvwhqw zlwk vrph htxloleulxp/ vlqfh frqvwudlqwv pdnh lw lpsrvvleoh iru lqglylgxdov wr wdnh
dq| dgydqwdjh ri wkhp1

:Iru d irupdo gh�qlwlrq ri dq htxloleulxp iru d prgho zlwk �qdqfldo pdunhwv zlwk qr sruwirolr frqvwudlqwv vhh
iru lqvwdqfh Pdjloo dqg Txlq}ll ^5;/ Gh�qlwlrq ;151`1

;Wkh lqhtxdolw| % : f iru d yhfwru % M ,? phdqv wkdw doo frpsrqhqwv ri wkh yhfwru duh qrqqhjdwlyh dqg qrw
doo ri wkhp duh }hur1 Zh kdyh % : f C % M ,?

n dqg % �' f�

<



H{dpsoh ; Frqvlghu d prgho zlwk qr xqfhuwdlqw|/ vr wkdw V @ i4j1 Wkhuh duh wzr lqyhvwruv
l @ 4> 5 zlwk hqgrzphqwv $� @ +;> 4, dqg $2 @ +5> 47, zkr kdyh erwk lghqwlfdo suhihuhqfhv
ghvfulehg e| wkh xwlolw| ixqfwlrq

x�+{�f> {
�
�, @ orj+{�f, . orj+{��,

Wkh sd|r� pdwul{ ri �qdqfldo frqwudfwv lv jlyhq e| D @ +4> 4, dqg wkh frqvwudlqw vhw lv jlyhq
e| ] @ ^�5>4, � +�4> 5`1 Vr wkhuh lv d vkruw vhoolqj olplw rq vhfxulw| rqh dqg d ex|lqj
 rru rq vhfxulw| wzr1 Qrz lw lv hdv| wr fkhfn wkdw wkh vhfxulw| sulfhv tW @ +4> 4@5, dqg wkh
frqvxpswlrq dqg vhfxulw| ghpdqgv {�W @ +8> 8, dqg {2W @ +8> 43,/ }�W @ +5> 5, dqg }2W @
+�5>�5, irup dq htxloleulxp iru wklv hfrqrp| ehfdxvh dw wkhvh sulfhv hdfk lqyhvwru kdv vroyhg
klv xwlolw| pd{lpl}dwlrq sureohp dqg lq wkh pdunhw iru wkh jrrg dqg iru vhfxulwlhv vxsso| dqg
ghpdqg duh edodqfhg1<Wkh h{dpsoh fdq shukdsv prvw fohduo| eh vhhq e| orrnlqj dw Iljxuh 4/

zklfk vkrzv wkh htxloleulxp1

Lqvhuw Iljxuh 4 derxw khuh1

Iljxuh 4= Zlwk sruwirolr frqvwudlqwv wkh �qdqfldo pdunhwv qhhg qrw eh duelwudjh iuhh hyhq lq
htxloleulxp1

Zkdw fdq zh ohduq iurp wklv h{dpsohB Kdg zh uhtxluhg wkdw wkhuh h{lvwv qr } 5 ] zlwk W} A 3
wr h{foxgh doo sulfhv zklfk fdq*w srvvleo| eh sduw ri dq| htxloleulxp/ zh zrxog kdyh reylrxvo|
glvfdughg wkh sulfhv tW @ +4> 4@5,= Krzhyhu wkhvh sulfhv 0 dv zh kdyh mxvw vhhq 0 duh frqvlvwhqw
zlwk vrph htxloleulxp dqg vkrxog wkhuhiruh qrw eh uxohg rxw1 H{dfwo| wklv zrxog kdyh rffxuuhg/
krzhyhu/ e| dsso|lqj wkh fulwhulrq ri qr duelwudjh1 Iurp wkh h{dpsoh zh fdq vhh wkdw lw lv qrw
qhfhvvdu| iru dq htxloleulxp wkdw wkhuh h{lvwv qr } 5 ] vxfk wkdw W} A 31 Reylrxvo| vxfk }�v gr
h{lvw dqg |hw zh kdyh dq htxloleulxp ehfdxvh frqvwudlqwv suhyhqw wkh dgydqwdjhrxv xvh ri wkhvh
rssruwxqlwlhv e| wkh djhqwv ri wkh hfrqrp|143

Rqh fdq wdnh d jhrphwulf ylhzsrlqw rq wkh uhtxluhphqw ri qr duelwudjh1 Lw lv htxlydohqw wr
wkh frqglwlrq wkdw F _ U7n�

n qi3j @ >1 Wklv frqglwlrq lv qrw ixo�oohg lq wkh htxloleulxp ri wkh
h{dpsoh ehfdxvh wkhuh F lv d frqh zlwk yhuwh{ � @ +4> 3,1 Wkhuhiruh F fdq qrw kdyh dq hpsw|
lqwhuvhfwlrq zlwk U7n�

n qi3j=
Wklv h{dpsoh vxjjhvwv wkh iroorzlqj zhdnhu fulwhulrq iru d zruog zlwk sruwirolr frqvwudlqwv
ghvfulehg e| +FRQF,1

Gh�qlwlrq 5 +QXD, Wkh �qdqfldo pdunhw +t>D>], doorzv qr xqolplwhg duelwudjh li wkhuh h{0
lvwv d yhfwru � 5 F vxfk wkdw wkhuh lv qr } 5 ] zlwk W} A �=

Lq dqdorj| wr wkh xqfrqvwudlqhg zruog zh fdq fkdudfwhul}h wklv uhtxluhphqw e| wkh h{lvwhqfh ri
fhuwdlq vwdwh sulfhv1 Zh dvvhuw wkh iroorzlqj

<Wr fdofxodwh dq htxloleulxp dsso| Gh�qlwlrq ;151 s1 9</ lq Pdjloo dqg Txlq}ll ^5;`/ uhsodflqj wkh frqglwlrq
5� M ,a e| wkh frqglwlrq 5� M ~�

43Zh kdyh wr phqwlrq wkdw sureohpv ri htxloleulxp plvsulflqj zlwk ihdwxuhv vlplodu wr wkrvh lq rxu h{dpsoh
kdyh ehhq douhdg| srlqwhg rxw lq wkh hduo| olwhudwxuh rq wd{ duelwudjh1+Gdprq dqg Juhhq ^46`/ Urvv ^67`,1 Lq wkh
frqwh{w ri sruwirolr frqvwudlqwv wklv sureohp kdv ehhq ghvfulehg e| Edvdn dqg Furlwrux ^6` dqg lq dq hduolhu sdshu
e| Fkduxsdw dqg Sulvpdq ^:`1 Wkhvh uhvxowv 0 lq sduwlfxodu wkh sdshu e| Fkduxsdw dqg Sulvpdq ^:` 0 vhhp wr
kdyh uhpdlqhg odujho| xqqrwlfhg lq wkh olwhudwxuh rq dvvhw sulflqj zlwk sruwirolr frqvwudlqwv1

43



Wkhruhp 4 +t>D>], dgplwv qr xqolplwhg duelwudjh li dqg rqo| li wkhuh h{lvwv d yhfwru
b

� 5 U7n�
nn

dqg d yhfwru �W 5 F vxfk wkdw
b

�� � b

��W> ;� 5 F=

Surri= Dsshqgl{1 �
Zkdw grhv wklv wkhruhp whoo xv derxw vhfxulw| sulfhv wkdw fdq eh sduw ri vrph htxloleulxpB
Wr jhw dq hfrqrplf lqwhusuhwdwlrq lw lv xvhixo wr zulwh wkh lqhtxdolw|/ zklfk dsshduv lq wkh
fkdudfwhul}dwlrq ri rxu wkhruhp lq d voljkwo| ohvv frqghqvhg irup1 Lq rughu wr gr vr/ ohw xv
qrupdol}h

b
� e|

b
�f vr wkdw zh jhw �

4
b
�f

�
b
� @ +4>

b
��,=

Ohw �W @ +�Wf> �
W
�,1 Wkhq wkh qr xqolplwhg duelwudjh lqhtxdolw| fdq eh zulwwhq dv

t} A
b
��D} � +�Wf .

b
���

W
�, ;} 5 ]/ �W 5 F +6,

Lq jhqhudo lq d vlwxdwlrq zlwk frqyh{ frqvwudlqwv ri wkh sruwirolr kroglqjv wkh suhvhqw ydoxh ri
dq| wudghg vhfxulw| pxvw eh odujhu ru htxdo wr wkh suhvhqw ydoxh ri wkh lqfrph vwuhdp xqghu wkh
vwdwh sulfhv

b
� @ +4>

b
��, fruuhfwhg e| wkh suhvhqw ydoxh ri dgglwlrqdo wudqvihuv surylghg e| wkh

olplwhg duelwudjh srvvlelolw| lqgxfhg e| dq dssursuldwho| fkrvhq �W 5 F1
D sureohp zlwk wklv fkdudfwhul}dwlrq lv reylrxvo| wkdw w|slfdoo| wkhuh duh pdq| �W dqg

b
� 5 U7n�

nn

ixo�oolqj wkh lqhtxdolw|
b
�� � b

��W/ ;� 5 F1 Pruhryhu wkhvh
b
� 5 U7n�

nn zloo gl�hu ghshqglqj rq wkh
�W wkdw lv fkrvhq1 Ohw �+�W, ghqrwh wkh vhw ri doo

b
� 5 U7n�

nn / zklfk ixo�oo wkh lqhtxdolw|
b
�� � b

��W/
;� 5 F iru d jlyhq ihdvleoh �W 5 F= Wkh vhw ri doo srwhqwldo vwdwh sulfhv �/ zklfk duh frqvlvwhqw
zlwk wkh uhtxluhphqw ri qr xqolplwhg duelwudjh/ lv fkdudfwhul}hg e| wkh xqlrq ^�WM��+�W,/ l1h1
� @ ^�WM��+� W,1 Li zruvh frphv wr zruvw/ wklv xqlrq pljkw eh udwkhu wrr odujh wr surylgh d
uhdvrqdeo| vkdus fkdudfwhul}dwlrq1 Pruhryhu wkh zkroh frqvwuxfwlrq orrnv txlwh exon| dw �uvw
vljkw1 Wkhvh uhpdunv fdq shukdsv ehvw eh vhhq lq wkh iroorzlqj �jxuh/ looxvwudwlqj dq h{dpsoh
zlwk vr fdoohg �uhfwdqjxodu frqvwudlqwv� +Fylwdql�f 4<<:,1

Lqvhuw Ilj1 5 derxw khuh1

Iljxuh5= Uhfwdqjxodu Frqvwudlqwv1

Wkh h{dpsohv kdyh vkrzq wkdw pdq| ri wkh sudfwlfdoo| lpsruwdqw frqvwudlqw vlwxdwlrqv ghvfulehg
e| +FRQF, duh frqhv ru wudqvodwlrqv ri wkhp1 Iru wklv lpsruwdqw fodvv ri frqvwudlqwv zh duh
deoh wr jlyh d fkdudfwhul}dwlrq ri qr xqolplwhg duelwudjh e| xvlqj wkh yhuwh{ Ws ri F1

Fruroodu| 4 Li ] lv d frqh zlwk yhuwh{ s/ wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg
duelwudjh li dqg rqo| li wkhuh h{lvwv d yhfwru

b

� 5 U7n�
nn vxfk wkdw

b

�� � b

�Ws> ;� 5 F=

Surri= Dsshqgl{1 �
Wkxv iru frqvwudlqw vhwv zklfk duh frqhv zlwk yhuwh{ s zh nqrz wkdw doo vwdwh sulfhv zklfk doorz
qr xqolplwhg duelwudjh pxvw olh vrphzkhuh lq wkh vhw1

+F � Ws,� =@
�
� 5 U7n�m �� � �Ws> ;� 5 F� +7,
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zklfk lv mxvw wkh qhjdwlyh frqmxjdwh frqh ri F � Ws144 Wkxv lq wkh fdvh ri frqhv ru frqh wudqv0
odwlrqv wkh vhw ri doo fdqglgdwh vwdwh sulfhv fdq eh frqvwuxfwhg e| srodulw| iurp wkh nqrzohgjh
ri wkh vhw F ri ihdvleoh lqfrph wudqvihuv lqgxfhg e| �qdqfldo pdunhwv1

Wklv lpsruwdqw vshfldo fdvh/ jlyhv xv dq rssruwxqlw| wr uhodwh rxu uhvxowv wr rwkhu fkdudfwhul}d0
wlrqv ri qr duelwudjh lq wkh suhvhqfh ri frqvwudlqwv/ zklfk kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh1

Wkh fdvh doprvw h{foxvlyho| ghdow zlwk wkhuh duh frqvwudlqw vhwv/ zklfk duh frqhv1 Lq sduwlfxodu
wklv fdvh lv lqyhvwljdwhg lq wkh sdshuv e| Kh dqg Shduvrq ^53`/ Mrxlql dqg Ndoodo ^57`/ Mrxlql dqg
Ndoodo ^58` dqg Kxdqj ^55`1

Iru frqhv wkh frqglwlrq ri qr xqolplwhg duelwudjh uhgxfhv wr wkh idploldu uhtxluhphqw ri qr
duelwudjh/ zklfk lv vwdwhg lq wkh iroorzlqj

Fruroodu| 5 Li ] lv d frqh/ +t>D>], dgplwv qr xqolplwhg duelwudjh li dqg rqo| li wkhuh h{lvwv d
yhfwru

b

� 5 U7n�
nn vxfk wkdw

b

�� � 3> ;� 5 F1

Surri= Wklv lv d gluhfw frqvhtxhqfh ri Wkhruhp 4 dqg Fruroodu| 41 �

E| +7, zh vhh wkdw lq wklv fdvh zh jhw d gluhfw jhqhudol}dwlrq ri wkh uhvxowv iru d zruog zlwkrxw
iulfwlrqv1 Wkhuh wkh vhw ri lqfrph wudqvihuv lv d olqhdu vsdfh dqg lwv srodu frqh lv lwv ruwkrjrqdo
frpsohphqw1

Li zh qrupdol}h
b
� dv deryh/ wkh qr0duelwudjh lqhtxdolw| lpsolhv wkdw vhfxulw| sulfhv pxvw ixo�oo

wkh uhodwlrq=

t} A b
��D} ;} 5 ] +8,

iru d vwulfwo| srvlwlyh
b
��1

Wkh hfrqrplf lqwhusuhwdwlrq ri wklv lqhtxdolw| lv wkdw vhfxulw| sulfhv duh duelwudjh iuhh li dqg
rqo| li wkh| duh odujhu ru htxdo wr wkh suhvhqw ydoxh ri wkh ixwxuh lqfrph vwuhdp surylghg e| wkh
fruuhvsrqglqj vhfxulwlhv wudghg rq wkh �qdqfldo pdunhwv1 Srwhqwldo glvfuhsdqflhv gr qrw jhqhu0
dwh duelwudjh rssruwxqlwlhv ehfdxvh wkh frqvwudlqwv rq wkh ihdvleoh sruwirolr srvlwlrqv suhyhqw
lqyhvwruv iurp wdnlqj dgydqwdjh ri wkhvh rssruwxqlwlhv1

Wklv lv wkh uhvxow zklfk kdv uhshdwhgo| ehhq rewdlqhg lq wkh olwhudwxuh rq sruwirolr frqvwudlqwv
lqghshqghqwo| e| Kh dqg Shduvrq ^53` dqg e| Mrxlql dqg Ndoodo ^57` dqg Kxdqj ^55`1 Rxu
glvfxvvlrq vkrzv wkdw lq idfw d frqvwudlqw vhw zklfk lv d frqh lv qhhghg wr jhw +8, dv dq dssursuldwh
fkdudfwhul}dwlrq ri sulfhv zklfk fdq eh sduw ri vrph htxloleulxp1 Lw fdq eh vhhq dv d vshfldo
fdvh ri qr xqolplwhg duelwudjh zlwk d � @ 31

Rxu lqhtxdolw| iru frqhv lv h{dfwo| wkh vwdwhphqw ri Mrxlql dqg Ndoodo*v Wkhruhp +514, +vhh Mrxlql
dqg Ndoodo ^57`,1 Wkhlu wkhruhp vd|v wkdw qr duelwudjh lv htxlydohqw wr wkh h{lvwhqfh ri d srvlwlyh
olqhdu ixqfwlrqdo +lq rxu fdvh �,> zlwk wkh surshuw| wkdw lwv uhvwulfwlrq wr F / olhv ehorz wkh
frqwlqjhqw fodlp sulflqj ixqfwlrqdo1 Wklv lv h{dfwo| zkdw lv h{suhvvhg lq frqglwlrq +8,1 Wkrxjk
zh grq*w nqrz wkh sulflqj ixqfwlrqdo iru dq duelwudu| lqfrph vwuhdp | 5 F |hw/ zh nqrz wkdw
lq dq| zd| lw pxvw ixo�oo lqhtxdolw| +8,1 Zh vhh wkdw pruh jhqhudoo| wklv frqglwlrq kdv wr eh
prgl�hg dqg fdq eh dssursuldwho| dssolhg rqo| iru wkh fdvh ri frqvwudlqwv zklfk duh d frqh1

44Ohw f eh d yhfwru vsdfh zklfk lv htxlsshg zlwk wkh lqqhu surgxfw '%c %W�1 Ghqrwh e| fW lwv gxdo vsdfh1
Jlyhq d vhw 7 a f/ wkh vhw 7� ' t%W M fW = '%c %W� $ f iru doo % M 7� lv fdoohg wkh qhjdwlyh frqmxjdwh frqh ri 7
+vhh Oxhqehujhu ^5:/ s1 48:`,1
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9 Dvvhw Sulflqj dqg Sruwirolr Frqvwudlqwv

914 Sulflqj Duelwudu| Lqfrph Vwuhdpv

Kdylqj fkdudfwhul}hg vhfxulw| sulfhv doorzlqj qr xqolplwhg duelwudjh e| wkh h{lvwhqfh ri fhuwdlq
vwdwh sulfhv/ krz gr zh jhw d xvhixo wkhru| ri dvvhw sulflqj zlwk �qdqfldo frqvwudlqwv rxw ri wklv
fkdudfwhul}dwlrqB

Wkh sureohp zh kdyh lv wkdw lq�qlwho| pdq| vwdwh sulfhv ixo�oo wkh QXD frqglwlrq/ hdfk rqh
ohdglqj wr d gl�huhqw suhvhqw ydoxh iru wkh lqfrph vwuhdp1 Zklfk rqh vkrxog zh wdnh wr sulfh
dq duelwudu| fodlp lq wkh vhw ri ihdvleoh wudqvihuvB

Qrwh wkdw wkh vlwxdwlrq khuh gl�huv iurp d vlwxdwlrq zlwk lqfrpsohwh pdunhwv1 Wkhuh zh fdq dovr
jhw dq lq�qlw| ri vwdwh sulfhv � zklfk fkdudfwhul}h dq duelwudjh iuhh vhfxulw| pdunhw +t>D,1 \hw
wklv grhvq*w fuhdwh d sureohp iru dvvhw sulflqj1 Hyhq li zh kdyh dq lq�qlw| ri vwdwh sulfhv/ zlwk
lqfrpsohwh pdunhwv doo wkhvh ��v kdyh wr djuhh rq wkh vxevsdfh ri lqfrph wudqvihuv lqgxfhg e|
kDl/ wkh pdunhwhg vxevsdfh +vhh Pdjloo dqg Txlq}ll ^5;`,1

Wr vhh wklv uhphpehu wkdw lq d iulfwlrqohvv zruog qr duelwudjh lv htxlydohqw wr wkh h{lvwhqfh ri
d vwulfwo| srvlwlyh yhfwru ri vwdwh sulfhv � vxfk wkdw t @ �D1 Lq d frpsohwh pdunhw � lv xqltxh/
lq dq lqfrpsohwh pdunhw wkhuh zloo h{lvw pdq| srvlwlyh � wkdw ixo�oo wkh htxdolw| t @ �D1 Wkhlu
frpprq ihdwxuh lv wkdw doo ri wkhp dvvljq wkh vdph suhvhqw ydoxh wr dq| | 5 kDl1
Pdwkhpdwlfdoo| wklv phdqv wkdw wkh surmhfwlrqv ri doo ��v/ zklfk ixo�oo wkh qr duelwudjh frqglwlrq/
rqwr wkh pdunhwhg vxevsdfh duh htxdol}hg +vhh Pdjloo dqg Txlq}ll ^5;/ Fruroodu| 45191`, zkhuhdv
surmhfwlrqv rqwr wkh ruwkrjrqdo frpsohphqw ri wkh pdunhwhg vxevsdfh zloo ghshqg rq wkh fkrvhq
�1 Wklv lv wkh uhdvrq zk| zh duh deoh wr sulfh lqfrph vwuhdpv | zklfk duh uhsolfdeoh/ l1h1 | 5 kDl/
zkloh zh duh qrw deoh wr sulfh qrquhgxqgdqw lqfrph vwuhdpv/ l1h1 | @5 kDl1 Iru jlyhq vhfxulw|
sulfhv t wkh sulfh ri dq| lqfrph vwuhdp | 5 kDl lv xqltxho| gh�qhg e|

f^+|, @
b
��| @ t} iru dq| } 5 Ua vxfk wkdw | @ D} +9,

+vhh Pdjloo dqg Txlq}ll ^5;`,1 Wklv uhodwlrq olhv dw wkh khduw ri wkh idprxv sulflqj irupxodv ri
prghuq �qdqfh/ olnh iru lqvwdqfh wkh fhoheudwhg Eodfn0Vfkrohv Rswlrq sulflqj irupxod +Eodfn
dqg Vfkrohv ^9`,1 Lw vd|v wkdw wkh devhqfh ri duelwudjh lv htxlydohqw wr wkh uhtxluhphqw wkdw wkhuh
h{lvw srvlwlyh vwdwh sulfhv/ vxfk wkdw wkh ydoxh ri dq lqfrph vwuhdp/ zklfk fdq eh �uhsolfdwhg� e|
wkh h{lvwlqj vhfxulwlhv/ pxvw eh htxdo wr wkh ydoxh ri lwv sduwv +xqghu wkhvh vwdwh sulfhv,1 Li wkhuh
duh lq�qlwho| pdq| vwdwh sulfhv ixo�oolqj wkh qr duelwudjh htxdwlrq/ hdfk ri wkhp zloo dvvljq wkh
vdph suhvhqw ydoxh wr dq| uhsolfdeoh lqfrph vwuhdp +exw gl�huhqw ydoxhv wr dq| | @5 kDl,1
Wkxv lq d vlwxdwlrq ri lqfrpsohwh pdunhwv/ rqfh zh kdyh fkdudfwhul}hg wkh devhqfh ri duelwudjh
e| wkh h{lvwhqfh ri fhuwdlq vwdwh sulfhv/ zh duh uhdg| wr sulfh dq| frqwlqjhqw fodlp/ wkdw fdq eh
uhsolfdwhg1

Lq frqwudvw/ lq d zruog zlwk frqvwudlqwv wklqjv duh qrw vr vlpsoh vlqfh wkhq wkhuh lv lq jhqhudo qr
uhdvrq zk| wkh surmhfwlrqv ri wkh ��v ixo�oolqj wkh QXD frqglwlrq +6, rqwr wkh vhw ri uhgxqgdqw
lqfrph vwuhdpv vkrxog eh htxdol}hg1 Khqfh diwhu kdylqj irxqg d fkdudfwhul}dwlrq wkhruhp iru
qr xqolplwhg duelwudjh zh duh vwloo qrw uhdg| iru sulflqj uhsolfdeoh lqfrph vwuhdpv/ vlqfh zh kdyh
dprqj doo wkh fdqglgdwhv wr �qg wkh rqh zklfk dvvljqv wkh �fruuhfw� ydoxh wr d jlyhq +uhgxqgdqw,
lqfrph vwuhdp |= Wkxv lq d zruog zlwk sruwirolr frqvwudlqwv/ iru hdfk uhgxqgdqw lqfrph vwuhdp
dprqj doo wkh srwhqwldo vwdwh sulfhv zklfk fkdudfwhul}h wkh +QXD,0frqglwlrq/ zh kdyh wr �qg
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wkh rqhv zklfk fruuhfwo| sulfhv wklv lqfrph vwuhdp1 Wklv lv dq dgglwlrqdo sureohp/ zklfk dulvhv
lq wkh suhvhqfh ri sruwirolr frqvwudlqwv1 Wkrxjk qr xqolplwhg duelwudjh fdq eh fkdudfwhul}hg e|
wkh h{lvwhqfh ri fhuwdlq vwdwh sulfhv/ wkh| duh qrw gluhfwo| xvhixo iru sulflqj duelwudu| uhgxqgdqw
lqfrph vwuhdpv vlqfh dq| ri wkhp zloo lq jhqhudo surgxfh d gl�huhqw suhvhqw ydoxh iru wkh jlyhq
lqfrph vwuhdp1

Wkh vhw ri doo ihdvleoh sruwirolrv } 5 ] jhqhudwhv d vxevhw F� � U7 lqgxfhg e| +D>],= F� lv wkh
vhw ri doo srvvleoh gdwh 4 lqfrph vwuhdpv zklfk fdq eh jhqhudwhg e| lqyhvwlqj lq wkh M edvlf
vhfxulwlhv/ lq wkh txdqwlwlhv dydlodeoh lq ]= Lq dqdorj| zlwk wkh glvfxvvlrq lq Pdjloo dqg Txlq}ll
^5;` zh fdoo wklv vhw wkh pdunhwhg vxevhw1

Gh�qlwlrq 6 Wkh vxevhw F� � U7 jhqhudwhg e| +D>], lv fdoohg wkh pdunhwhg vxevhw/ zkhuh

F� @ i| 5 U7 m | @ D}> dqg } 5 ]j=

Rxu dlp lv wr sulfh d uhsolfdeoh lqfrph vwuhdp lq wkh pdunhwhg vxevhw dqg wr nhhs wr wkh vslulw ri
qr duelwudjh sulflqj e| mxvw lpsolflwo| lqyrnlqj wkh prqrwrqlflw| dvvxpswlrq rq suhihuhqfhv1 Zh
vxjjhvw dq dujxphqw zklfk uhfryhuv wkh fruuhfw vwdwh sulfhv lqgluhfwo| e| gxdolw|1 Iru d jlyhq
lqfrph vwuhdp lq wkh pdunhwhg vxevhw/ zklfk fdq eh uhsolfdwhg/ prqrwrqlflw| ri suhihuhqfhv
lpsolhv wkdw dprqj htxlydohqw rssruwxqlwlhv wr khgjh d jlyhq lqfrph vwuhdp lq F� e| edvlf
vhfxulwlhv dq lqyhvwru zloo wdnh wkh fkhdshvw rqh1 Zh zloo vkrz ehorz krz wklv dujxphqw doorzv
xv wr sulfh dq| | zklfk fdq eh uhsolfdwhg zlwk edvlf vhfxulwlhv e| wkh �fruuhfw� vwdwh sulfhv/
zlwkrxw pdnlqj uhihuhqfh wr d vshfl�f lqyhvwru ghflvlrq1 Zh fdq sulfh dq| ihdvleoh lqfrph
vwuhdp zlwkrxw kdylqj wr nqrz d vshfl�f xwlolw| ixqfwlrq1

D fdyhdw lv lq rughu khuh1 Li zh kdyh d qhz dvvhw zlwk d sd|r� vwuxfwxuh ri dq lqfrph vwuhdp
zklfk fdq eh uhsolfdwhg xqghu frqvwudlqwv/ qdlyho| sulflqj wklv qhz dvvhw zlwk uhihuhqfh wr
uhsolfdwlqj sruwirolrv zloo eh plvohdglqj li wklv qhz dvvhw fkdqjhv wkh pdunhwhg vxevhw1 Wklv
vhhpv wr eh odujho| ljqruhg lq wkh olwhudwxuh1 Lq wklv fdvh zh zrxog dovr kdyh wr nqrz zklfk
frqvwudlqwv iru vxfk dq dvvhw duh uhohydqw wr ghflgh zkhwkhu lw lv uhgxqgdqw1 Rwkhuzlvh lw lv qrw
srvvleoh wr sulfh lw1 Wklv sureohp fdq qrw dulvh lq dq lqfrpsohwh pdunhw1 Wkhuh wkh idfw wkdw dq
lqfrph vwuhdp | fdq eh uhsolfdwhg lpsolhv wkdw wkh lqwurgxfwlrq ri dq dvvhw zklfk sd|v | grhv
qrw fkdqjh wkh vsdq ri wkh pdunhwhg vxevsdfh1

Vr zkdw gr zh phdq li zh wdon ri sulflqj duelwudu| lqfrph vwuhdpvB Rq wkh rqh kdqg zh
fdq dvvljq d ydoxh wr dq| lqfrph vwuhdp lq wkh pdunhwhg vxevhw1 Krzhyhu zlwkrxw ixuwkhu
txdol�fdwlrq zh fdq qrw frqfoxgh iurp wklv idfw wkdw wklv zrxog eh wkh sulfh ri dq dvvhw sd|lqj
wklv lqfrph vwuhdp1 Wklv zrxog uhtxluh dgglwlrqdo nqrzohgjh derxw uhohydqw frqvwudlqwv iru wklv
dvvhw1 Rq wkh rwkhu kdqg zh fdq xvh rxu wkhru| wr fkhfn zkhwkhu h{lvwlqj dvvhwv duh frqvlvwhqwo|
sulfhg uhodwlyh wr hdfk rwkhu145

915 Duelwudjh Iuhh Sulflqj ri Lqfrph Vwuhdpv xqghu Frqvwudlqwv

Lq wkh oljkw ri wkh suhylrxv glvfxvvlrq/ zh gh�qh wkh frvw ri d gdwh rqh lqfrph vwuhdp | 5 U7

dv wkh plqlpdo frvw wkdw kdyh wr eh lqfxuuhg wr khgjh wklv lqfrph vwuhdp zlwklq wkh pdunhwhg
45Qrwh wkdw prghuq dvvhw sulflqj wkhru| zklfk xvhv dujxphqwv edvhg rq duelwudjh frqvlghudwlrqv lv lq doo lwv

yduldqwv rqo| dssolfdeoh wr uhgxqgdqw fodlpv1 Wklv lv wkh pdlq uhdvrq zk| d vwudljkwiruzdug h{whqvlrq ri prghuq
dvvhw sulflqj wkhru| wr sulfh �qdqfldo lqqrydwlrqv kdv wxuqhg rxw wr eh d sureohp ri frqvlghudeoh gl!fxow|1
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vxevhw F�1 Wklv pljkw qrw eh srvvleoh1 Wkxv zh fdq rqo| sulfh lqfrph vwuhdpv/ zklfk fdq eh
uhsolfdwhg dv d frpelqdwlrq ri edvlf vhfxulwlhv/ zklfk jhqhudwh F�=
Lq jhqhudo wklv sureohp lv d qrq0olqhdu surjudpplqj sureohp +ehfdxvh ] fdq eh dq| frqyh{ vhw,/
zklfk uhgxfhv lq wkh fdvh zkhuh ] lv d sro|khgudo wr d olqhdu surjudpplqj sureohp1 Lq idfw
prvw ri wkh sudfwlfdo sureohpv ri lqwhuhvw fdq eh irupxodwhg dv olqhdu surjudpplqj sureohpv1
Wkh iroorzlqj glvfxvvlrq dssolhv gxdolw| wkhru| wr vkrz wkh frqqhfwlrq ehwzhhq wkh yhfwru ri qr
xqolplwhg duelwudjh vwdwh sulfhv/ wkh vhfxulw| sulfhv t dqg wkh ydoxh ri dq lqfrph vwuhdp | 5 F�/
gh�qhg dv wkh htxlydohqw ydoxh ri lwv plqlpdo uhsolfdwlrq frvwv1 Dvvxph

b
t lv d vhfxulw| sulfh

yhfwru zklfk doorzv qr xqolplwhg duelwudjh1 Zh gh�qh wkh sulfh ri dq lqfrph vwuhdp
b
| 5 F�

e|46

fb^ +|, @ plq
b
t} iru dq| } 5 ] vxfk wkdw

b
| � D}= +:,

Wkh plqlpxp frvw khgjlqj sureohp fdq eh vwdwhg dv

plq
b
t}

v=w= } 5 ]
D} � b

| 5 U7
n

+;,

Qrz iru wklv sureohp zh fdq dvvhuw wkh zh wkh iroorzlqj

Wkhruhp 5 Li wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg duelwudjh dqg wkhuh h{lvwv d
�} 5 ] vxfk wkdw D�} � �|/ wkhq wkhuh h{lvwv d vroxwlrq wr wkh rswlpdo khgjlqj sureohp +;,/ l1h1
wkhuh h{lvwv d }W 5 ] vxfk wkdw f7̂+�|, @ �t}W dqg D}W � �|1

Surri= Dsshqgl{1�

Dgglqj dgglwlrqdo +zhdn, txdol�fdwlrqv zh fdq jxdudqwhh wkdw wkh gxdo wr wklv sureohp dozd|v
kdv d vroxwlrq1 Iurp wklv gxdo sureohp zh fdq ghwhuplqh wkh �fruuhfw� vwdwh sulfh yhfwru wr
sulfh e| qr xqolplwhg duelwudjh iru d jlyhq lqfrph vwuhdp zklfk lv uhsolfdeoh xqghu frqvwudlqwv1
Zh kdyh=

Wkhruhp 6 Li wkh �qdqfldo pdunhw +
b

t>D>], dgplwv qr xqolplwhg duelwudjh dqg
+d, hlwkhu ] lv sro|khgudo dqg wkhuh h{lvwv d

b

} 5 ] vxfk wkdw D
b

} A b

|
ru
+e, wkhuh h{lvwv d a} 5 ] vxfk wkdw D a} A

b

|/
wkh gxdo sureohp

pd{
Z�M,7

n

+��
b

| � vxs
5M~

+�bt} . ��D},,

kdv d vroxwlrq dqg wkh rswlpdo ydoxhv ri wkh sulpdo dqg wkh gxdo sureohpv frlqflgh1

46Wkh gh�qlwlrq ri wkh ydoxh ri dq lqfrph vwuhdp + dv wkh plqlpxp frvw ri vxshu0uhsolfdwlqj wklv lqfrph
vwuhdp zlwk d frqvwudlqhg sruwirolr lv d zhoo hvwdeolvkhg dssurdfk lq wkh olwhudwxuh1 +Vhh Ehqvdlg/ Ohvqh/ Sdjìv/
Vfkhlqnpdqq ^8`/ Hglulvlqjkh/ Qdln/ Xssdo ^4<`/ Ghuprg| dqg Urfndihoodu ^47`/ ^48`1 Rxu dlp lv wr vkrz krz wklv
dssurdfk lv uhodwhg wr wkh frqfhsw ri qr xqolplwhg duelwudjh dqdo|}hg lq Wkhruhp41
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Surri= Dsshqgl{1�

Zkdw grhv wklv wkhruhp whoo xvB Lw vd|v wkdw iru dq| lqfrph vwuhdp
b
| � D

b
} iru vrph

b
} 5 ] lwv

suhvhqw ydoxh lpsolhg e| wkh vroxwlrq wr wkh plqlpdo frvw khgjlqj sureohp lv wkh pd{lpdo suhvhqw
ydoxh ri wklv lqfrph vwuhdp zlwk uhvshfw wr wkh +gxdo, vwdwh sulfhv plqxv wkh ydoxh jhqhudwhg e|
wkh olplwhg duelwudjh rssruwxqlw|1 Wklv h{suhvvhv wkh dgglwlrqdo sulflqj hohphqw/ zklfk hqwhuv
wkh ydoxdwlrq irupxod lq wkh suhvhqfh ri frqvwudlqwv1

Zk| fdq zh lghqwli| wkh ydoxh ri wkh ixqfwlrq vxs5M~+�t} . ��D}, +zklfk lv qhyhu vpdoohu
wkdq 3, zlwk wkh ydoxh ri olplwhg duelwudjh rssruwxqlwlhvB Uhphpehu wkdw rxu fkdudfwhul}dwlrq
Wkhruhp wrog xv wkdw qr xqolplwhg duelwudjh lv htxlydohqw wr wkh h{lvwhqfh ri d vwulfwo| srvlwlyh
yhfwru ri vwdwh sulfhv

b
� 5 U7n�

nn dqg vrph �W 5 F vxfk wkdw +diwhu qrupdol}lqj e| wkh gdwh }hur
vwdwh sulfh, zh jhw wkh irupxod=

t} A b
��D} � +�Wf .

b
���

W
�, ;} 5 ]/ zlwk �W 5 F

Wklv lqhtxdolw| fdq eh uhzulwwhq dv

+�Wf .
b
���

W
�, @ vxs

5M~
+�t} . ��D}, +<,

zkhuh wkh ohiw kdqg vlgh lv mxvw wkh suhvhqw ydoxh ri wkh frqvxpswlrq exqgoh �W @ +�Wf> �
W
�,=
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Iurp wklv glvfxvvlrq zh fdq ghulyh wzr xvhixo fruroodulhv iru wzr sudfwlfdoo| lpsruwdqw fdvhv ri
frqvwudlqwv1 Frqvlghu �uvw wkh fdvh zkhuh ] lv d frqh zlwk yhuwh{ s1

Fruroodu| 6 Li wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg duelwudjh dqg ] lv d frqyh{
frqh zlwk yhuwh{ s dqg wkhuh h{lvwv d

b

} 5 ] vxfk wkdw D
b

} � b

| wkh rswlpdo khgjlqj sureohp +;,
kdv d vroxwlrq1 Wkh gxdo sureohp fdq eh vwdwhg dv=

pd{ +��| . +t � ��D,s,

v=w= +4> ��, 5 +F�Ws,� _U7n�
n

Li hlwkhu frqglwlrq +d, ru +e, ri Wkhruhp 6 krog/ wkh gxdo sureohp lv vroydeoh1

Surri= Dsshqgl{1 �
Dv d vshfldo fdvh zh jhw wkh iroorzlqj fruroodu| iru wkh frqh1

Fruroodu| 7 Li wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg duelwudjh dqg ] lv d frqyh{
frqh dqg wkhuh h{lvwv d

b

} 5 ] vxfk wkdw D
b

} � b

| wkh rswlpdo khgjlqj sureohp +;, kdv d vroxwlrq1
Wkh gxdo sureohp fdq eh vwdwhg dv=

pd{
b

��|

v=w= +4>
b

��, 5 F� _U7n�
n

Li hlwkhu frqglwlrq +d, ru +e, ri Wkhruhp 6 krog/ wkh gxdo sureohp lv vroydeoh1

47Wr uhodwh htxdwlrq +<, wr wkh h{lvwlqj olwhudwxuh/ lq sduwlfxodu wr Fylwdql�f dqg Ndudw}dv +^44`,/ qrwh wkdw wkh
uljkw kdqg vlgh ri wkh htxdwlrq lv nqrzq dv wkh vxssruw ixqfwlrq ri 3~/ zklfk zh ghqrwh e| j3~EV�/ zkhuh
V 
 ^ 3 Z�� +vhh Dxelq ^5`,1 Dvvrfldwhg wr wkh vxssruw ixqfwlrq lv wkh vhw ri doo V M ,a zkhuh j3~EV� lv �qlwh1
Wklv vhw lv d frqyh{ frqh dqg lv fdoohg wkh eduulhu frqh KE3~� ri 3~� Li wkh gxdo sureohp kdv d vroxwlrq j3~EV�
kdv wr eh �qlwh dqg wkhuhiruh ^ 3 Z�� kdv wr eh dq hohphqw ri KE3~�1
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Surri= Iroorzv iurp wkh surri ri Fruroodu| 61 �

Wkhuhiruh zkhqhyhu wkh frqvwudlqw vhw lv d frqh +ru d wudqvodwlrq ri d frqh,/ sulflqj e| dsso|lqj
wkh sulqflsoh ri qr xqolplwhg duelwudjh erlov grzq wr d txlwh vwudljkwiruzdug surfhgxuh/ zklfk
uhtxluhv wzr wklqjv1 Frqvwuxfw wkh vhw ri doo vwdwh sulfhv e| srodulw|1 Wkhq iru dq lqfrph vwuhdp/
zklfk lv uhsolfdeoh/ ghwhuplqh lwv ydoxh e| vroylqj wkh olqhdu surjudplqj sureohp irupxodwhg lq
wkh fruroodu|1 Wklv surfhgxuh kdv ehhq glvfxvvhg lq Kxdqj ^55` dqg dssolhg wr wkh sulflqj ri
lqfrph vwuhdpv lq d prgho zlwk dq lq�qlwh wlph krul}rq dqg dq hyhqw wuhh vwuxfwxuh1

Dqrwkhu lqwhuhvwlqj frqfoxvlrq fdq eh gudzq iru erwk ri wkhvh lpsruwdqw fdvhv1 Lw wxuqv
rxw wkdw rqo| lq wkh fdvh ri d frqh wkh sulflqj ixqfwlrqdo zklfk hphujhv iurp wkh vroxwlrq
ri wkhvh sureohpv kdv wr eh vxeolqhdu1 Qrz zh vhh zklfk frqglwlrqv duh qhhghg wkdw frp0
shwlwlyh vhfxulw| pdunhwv zlwk sruwirolr frqvwudlqwv dfwxdoo| lpso| wkdw wkh sulflqj ixqfwlrqdo
fb^ +|, @ pd{Z�M,7

n
+��| � �3~+t � ��D,, iru duelwudu| frqwlqjhqw fodlpv lv vxeolqhdu1

Fruroodu| 8 Li ] lv d frqh wkhq wkh sulflqj ixqfwlrqdo fb^ +|, lv vxeolqhdu1

Surri=1Dsshqgl{1 �

Qrwh krzhyhu wkdw iru duelwudu| frqyh{ frqvwudlqwv wkh sulflqj ixqfwlrqdo lv lq jhqhudo qrw vxe0
olqhdu1 Wr vhh wklv frqvlghu wkh iroorzlqj

H{dpsoh < Frqvlghu djdlq d fdvh zlwkrxw xqfhuwdlqw|1 Wkh sd|r� pdwul{ ri �qdqfldo vhfxulwlhv
lv jlyhq e| D @ +4> 4, dqg wkh frqvwudlqw vhw lv jlyhq e| ] @ ^�5>4, � +�4> 5`1 Wkh vhfxulw|
sulfhv duh jlyhq e| t @ +4> 4@5,1 Ohw | @ 5= Lw lv hdv| wr vhh wkdw wkh plqlpxp khgjlqj frvwv iru
| duh 4= Qrz frqvlghu | @ 7 zklfk zrxog frvw 61 Wkhuhiruh wkh frvwv ri | @ 7 duh pruh wkdq
wzlfh dv pxfk dv iru | @ 5=

Lqvhuw Iljxuh 6 derxw khuh1

Iljxuh 6= Iru jhqhudo frqyh{ frqvwudlqwv wkh frqwlqjhqw fodlp sulflqj ixqfwlrqdo qhhg qrw eh
vxeolqhdu1

Iurp wklv glvfxvvlrq zh vhh/ wkdw wkh vxeolqhdulw| ri wkh sulflqj ixqfwlrqdo lv lpsolhg iru frq0
vwudlqwv zklfk duh d frqh exw lw lv qrw lpsolhg lq jhqhudo1

Iurp wkh shuvshfwlyh ri dvvhw sulflqj/ zh fdq fodlp wkdw wkh sulflqj ri uhgxqgdqw frqwlqjhqw
fodlpv lq d zruog zlwk zhoo0ehkdyhg iulfwlrqv/ lv +doprvw, dv vwudljkwiruzdug dv lq d iulfwlrqohvv
zruog1 Wkxv wkh dvvhuwlrq ri Wkhruhp 5 wrjhwkhu zlwk wkh fruroodulhv iru frqhv dqg wudqvodwlrqv
iru frqhv fdq eh wkh edvlv iru pruh uhdolvwlf/ dqg qhyhuwkhohvv sudfwlfdo/ vhfxulw| sulflqj irupxodv1

: Rswlpdo Sruwirolr Ghflvlrqv dqg Dvvhw Sulfhv

Vr idu zh kdyh xvhg dq dujxphqw zklfk kdv lqyrnhg wkh suhihuhqfhv ri lqyhvwruv rqo| lqgluhfwo|/
lq wkh uhtxluhphqw wkdw lq dq| htxloleulxp wkhuh pxvw eh qr xqolplwhg duelwudjh1 Zh glgq*w qhhg
wkh xwlolw| ixqfwlrq lq dq| zd| iru wkh sulflqj ri lqfrph vwuhdpv1 Zh nqrz wkdw xqghu wkh qr
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xqolplwhg duelwudjh dvvxpswlrq/ wklv fdq eh grqh xvlqj wkh gdwd +t>D>], dqg wkh prqrwrqlflw|
ri wkh suhihuhqfhv rqo|1

Zh qrz vkrz wkdw rswlpdo ghflvlrqv ri lqyhvwruv dqg duelwudjh iuhh sulfhv duh lqwlpdwho| frq0
qhfwhg lq wkh zruog zlwk sruwirolr frqvwudlqwv lq doprvw wkh vdph zd| dv lq wkh iulfwlrqohvv
zruog1 Wklv glvfxvvlrq zloo dovr vkhg oljkw rq wkh xqli|lqj sulqflsohv xqghuo|lqj frpshwlwlyh
dvvhw sulflqj xqghu sruwirolr frqvwudlqwv1

Wkh exgjhw vhw ri dq lqyhvwru l 5 L lq wkh �qdqfh prgho zlwk dvvxpswlrq +FRQF, lv jlyhq e|

E�+t> $�> D>], @
q
{� 5 U7n�

n m {� � $� � W}�> }� 5 ]
r
= +43,

Wkh lqyhvwru*v rswlpdo ghflvlrq sureohp lv jlyhq e|

pd{
�
x�+{�, m {� 5 E�+t> $�>D>],

�
= +44,

Wkh h{lvwhqfh ri d vroxwlrq wr wklv sureohp lv htxlydohqw wr wkh devhqfh ri xqolplwhg duelwudjh
lq �qdqfldo pdunhwv1 Lqghhg zh fdq dvvhuw=

Sursrvlwlrq 4 Sureohp +44, kdv d vroxwlrq li dq rqo| li wkhuh lv qr xqolplwhg duelwudjh1

Surri= Dsshqgl{1 �

Wkh vroxwlrq wr wkh rswlpdo ghflvlrq sureohp ri dq lqyhvwru lv lqwlpdwho| uhodwhg wr sulfhv zklfk
doorz qr xqolplwhg duelwudjh1 Zh qrz vkrz wkdw wkh duelwudjh iuhh sulflqj yhfwruv ri d jlyhq
lqfrph vwuhdp lq wkh pdunhwhg vxevhw pxvw olh lq wkh qrupdo frqh wr wkh lqyhvwru*v exgjhw vhw
dw wklv srlqw1 Ehiruh zh gr wklv zh gh�qh

Gh�qlwlrq 7 Wkh qrupdo frqh wr wkh exgjhw vhw E� dw {�W lv gh�qhg dv

Q��+{�W, @
�
� 5 U7n� m �+{�W � {�, A 3>;{� 5 E�+t> $�>D> ],

�

Qrz lqwurgxflqj d gl�huhqwldelolw| dvvxpswlrq rq wkh xwlolw| ixqfwlrq wr vlpsoli| h{srvlwlrq zh
fodlp=

Sursrvlwlrq 5 Dvvxph x� lv dovr gl�huhqwldeoh1 Wkxv ux�+{�, A 3 ;{� 5 E�+t> $�>D> ],= Li {�W

lv d vroxwlrq wr +44, wkhq ux�+{�W, 5 Q��+{�W, dqg �ux�+{�W, lv d vwdwh sulfh yhfwru iru � A 31

Surri= Dsshqgl{1 �

Frpsduh wkh vwdwhphqw ri wkh deryh sursrvlwlrq wr wkh fdvh ri d iulfwlrqohvv zruog1 Wkhuh wkh
pdunhwhg vxevhw lv d olqhdu vsdfh F @ kW l dqg wkh srodu frqh lv htxdo wr lwv ruwkrjrqdo frpsoh0
phqw dqg wkxv F� @ kW lz1 Wkh qrupdo frqh dw hyhu| frqvxpswlrq exqgoh lq wkh erxqgdu| ri
wkh exgjhw vhw frlqflghv zlwk kW lz iru dq| � 5 U7

nn_ kW lz=48 Wkxv wkh sulflqj ri dq lqfrph
vwuhdp lq wklv fdvh ehfrphv vlpsohu/ vlqfh zh grq*w kdyh wr fkrrvh d sduwlfxodu � 5 kW lz iru wkh
lqfrph vwuhdp zh zlvk wr sulfh1 Dq| � 5 kW lz zh zlvk wr fkrrvh/ zloo gr wkh mre1 E| frqwudvw

48Qrwh wkdw ehfdxvh ri prqrwrqlflw| rqo| erxqgdu| exqgohv zloo hyhu eh ghpdqghg 1
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lq d zruog zlwk iulfwlrqv wkh dssursuldwh vwdwh sulfh yhfwru zloo ghshqg rq wkh sduwlfxodu lqfrph
vwuhdp zh zdqw wr sulfh1

Zh kdyh vxjjhvwhg wr �qg wkh dssursuldwh vwdwh sulfh yhfwru e| vroylqj wkh gxdo wr wkh plqlpdo
frvw khgjlqj sureohp iru d jlyhq lqfrph vwuhdp1 Iurp sursrvlwlrq 5 zh vhh wkdw li zh sulfh
dq duelwudu| vwuhdp | 5 F e| fdofxodwlqj wkh plqlpxp uhsolfdwlrq frvwv/ zh kdyh lq jhqhudo qr
jxdudqwhh wkdw wkhuh dfwxdoo| lv dq lqyhvwru zkr ydoxhv | wkdw pxfk1 Zh nqrz wkdw hyhu| xwlolw|
judglhqw lv vrph vwdwh sulfh yhfwru dqg wkdw hyhu| qr xqolplwhg duelwudjh vwdwh sulfh yhfwru lv
dprqj wkh ihdvleoh yhfwruv lq wkh gxdo ri wkh plqlpdo frvw khgjlqj sureohp1 Vwloo zlwkrxw xvlqj
dq| ixuwkhu lqirupdwlrq lq jhqhudo wkh plqlpxp uhsolfdwlrq frvwv zloo jlyh dq xsshu erxqg iru
wkh ydoxh ri dq lqfrph vwuhdp1 Krzhyhu djdlq iru wkh lpsruwdqw fdvhv ri frqh frqvwudlqwv dqg
wudqvodwlrqv ri frqhv iru hyhu| vwdwh sulfh zh jhw dv vroxwlrq wr wkh plqlpdo frvw khgjlqj sureohp/
zh zloo eh deoh wr �qg vrph lqyhvwru ixo�oolqj rxu dvvxpswlrqv/ iru zkrp wklv vwdwh sulfh yhfwru
lv d xwlolw| judglhqw1

Wkh dqdo|vlv ri wkh rswlpdo lqyhvwphqw sureohp jlyhv xv dq rssruwxqlw| wr frqqhfw rxu dqdo|vlv/
zlwk wkh vhplqdo dssurdfk e| Fylwdql�f dqg Ndudw}dv ^44` wr sulflqj frqwlqjhqw fodlpv xqghu
frqvwudlqwv +vhh dovr wkh wh{werrn e| Solvnd ^64`,1

Wkhvh dxwkruv vxjjhvw edvlfdoo| wkh iroorzlqj surfhgxuh1 Frqvlghu dq xqfrqvwudlqhg �qdqfldo
pdunhw hfrqrp| H @ ix> $>Dj1 Iru jlyhq vhfxulw| sulfhv t zh frqvwuxfw dq duwl�fldo sulfh yhfwru
s @ t � � 5 Ua zkhuh � lv wdnhq iurp wkh eduulhu frqh rewdlqhg iurp vrph sruwirolr frqvwudlqw
vhw zklfk lqwhuhvwv xv1 Wkxv zh dgg vrph � 5 e+�],1 Lq wklv xqfrqvwudlqhg hfrqrp| zh frqvlghu
d idplo| ri vhwv ri ihdvleoh lqfrph wudqvihuv sdudphwul}hg e| �1 Fruuhvsrqglqj wr wkh pdwul{ W
zh gh�qh iru hdfk � 5 e+�], wkh pdwul{

WV @

� �t . �
D

�
=

Wkxv

FV @ kWVl=

Wkh vsdfh kWVl lv d olqhdu vxevsdfh ri U7n�1 Iru wklv hfrqrp| zh kdyh d idplo| ri wkh exgjhw
vhwv iru wkh uhsuhvhqwdwlyh lqyhvwru jlyhq e|

EV+t � �> $>D, @
q
{ 5 U7n�

n m {� $ � WV}> } 5 Ua
r

+45,

Wkh lqyhvwru*v rswlpdo ghflvlrq sureohp lv jlyhq e|

pd{ ix+{, m { 5 EV+t � �>$>D,j = +46,

Wklv lv d vwdqgdug sureohp/ zklfk kdv ehhq h{whqvlyho| vwxglhg lq wkh olwhudwxuh +vhh iru lqvwdqfh
Pdjloo dqg Txlq}ll ^5;`,1 Dvvxplqj gl�huhqwldelolw| iru x+{,/ wkh �uvw rughu frqglwlrqv duh

� 5 kWVl dqg �V 5 kWVlz +47,

zkhuh �V =@ ux+{WV,= Qrwh wkdw e| Sursrvlwlrq 4 +46, kdv d vroxwlrq li dqg rqo| li wkhuh lv qr
duelwudjh1 Xqiruwxqdwho| wkhuh pljkw eh � 5 e+�], zkhuh wkh ghflvlrq sureohp zloo kdyh qr
vroxwlrq dw doo1 Lq wkh vhtxho zh wkxv kdyh wr uhvwulfw wkh vhw ri dgplvvleoh � 5 e+�], wr wkrvh
zklfk duh frqvlvwhqw zlwk d vroxwlrq ri wkh lqyhvwru*v sureohp/ l1h1 wkhuh h{lvwv d �V 5 U7n�

nn 1
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Qrupdol}lqj wklv yhfwru e| wkh pdujlqdo xwlolw| ri lqfrph dw gdwh 3 wkhvh frqglwlrqv lpso| iru
vhfxulw| sulfhv wkh uhodwlrq

s @ t � � @ �Vc�D> ;} 5 Ua > �Vc� 5 U7
nn1 +48,

Iurp wklv htxdwlrq lw iroorzv wkdw wkh idplo| ri vroxwlrqv zloo vdwlvi|

t � �Vc�D 5 e+�],= +49,

Iurp Wkhruhp 5/ zh nqrz wkdw dq| vroxwlrq wr wkh duwl�fldo/ xqfrqvwudlqhg sureohp irxqg lq wklv
zd|/ zloo dxwrpdwlfdoo| eh ihdvleoh iru wkh fruuhvsrqglqj frqvwudlqhg sureohp zlwk frqvwudlqw
vhw ]=

Qrz wkh frqwlqjhqw fodlp sulflqj sureohp fdq eh dwwdfnhg lq wkh iroorzlqj zd|=

Lq H @ ix> $>Dj wkh irupxod

t � � @ �Vc�D

lpsolhv wkdw iru jlyhq vhfxulw| sulfhv t � � wkh sulfh ri dq| lqfrph vwuhdp | 5 kDl lv jlyhq e|

fV^ +|, @ +t � �,} iru dq| } 5 Ua vxfk wkdw | @ D}

zklfk lpsolhv d idplo| ri sulflqj irupxodv

fV^ +|, =@ i+t � �,} m � 5 e+�],j @ �Vc�|= +4:,

Ilqglqj wkh qr duelwudjh ydoxh ri | lq H @ ix> $>D>]j lv wkhq d vroxwlrq wr wkh sureohp

vxsV+�Vc�| � �3~+�,,
�Vc�D @ t � �

v1w1 � 5 e+�],
�Vc� 5 U7

nn

+4;,

Wkh vroxwlrq ri +4;, jlyhv xv dq xsshu erxqg iru wkh suhvhqw ydoxh ri |/ exw lw grhv qrw jxdudqwhh
wkdw wkhuh dfwxdoo| lv dq lqyhvwru zkr ydoxhv | wkdw pxfk1 Wklv sureohp zdv fohduo| uhfrjql}hg
e| Fkhq ^;` dqg Fkduxsdw dqg Sulvpdq ^:`1

Wkhvh uhpdunv vkrz wkdw wkh dssurdfk vxjjhvwhg e| Fylwdql�f dqg Ndudw}dv ^44` ohdgv yld d
gl�huhqw urxwh wr wkh vdph uhvxowv dv wkh dssurdfk vxjjhvwhg khuh1 Lq wkh oljkw ri rxu prgho/ lw
ehfrphv sduwlfxoduo| wudqvsduhqw/ zk| wkh eduulhu frqh dssurdfk zrunv1 Pruhryhu wkh dqdo|vlv
vkrzv wkdw lw fdq eh xvhg dv zhoo zlwkrxw uhihuhqfh wr d vshfl�f xwlolw| ixqfwlrq dqg rqo| lqyrnlqj
prqrwrqlflw|1 Lw lv dovr qrw frq�qhg wr uhsuhvhqwdwlyh lqyhvwru vhwxsv1 Rqfh zh nqrz +t>D>],
zh fdq frqvwuxfw wkh duwl�fldo �qdqfldo pdunhw +t � �>D,1 E| vwdqgdug wkhru|/ qr duelwudjh lq
wkh duwl�fldo pdunhw lv htxlydohqw wr wkh h{lvwhqfh ri d vwulfwo| srvlwlyh yhfwru ri vwdwh sulfhv
�V 5 U7n�

nn vxfk wkdw �VWV @ 31 Wkhq iru dq| lqfrph vwuhdp | 5 F zh fdq ghwhuplqh lwv
duelwudjh iuhh ydoxh e| vroylqj +4;,1 Iru wkh sudfwlfdoo| lpsruwdqw fdvhv zkhuh ] lv sro|khgudo/
wklv sureohp lv d olqhdu surjudpplqj sureohp1
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; Frqfoxvlrqv

Lq wklv sdshu zh kdyh dqdo|}hg wkh sulflqj ri frqwlqjhqw fodlpv lq vhfxulw| pdunhwv/ zkhuh
lqyhvwruv duh frqvwudlqhg e| ydulrxv wudglqj uhvwulfwlrqv/ zklfk fdq eh ghvfulehg dv d frqyh{ vhw1
Zh kdyh jlyhq d fkdudfwhul}dwlrq ri qr xqolplwhg duelwudjh lq wkh vlpsohvw srvvleoh iudphzrun
dqg kdyh ghulyhg wkh lpsolfdwlrqv iru wkh ydoxdwlrq ri dq duelwudu| frqwlqjhqw fodlp1 Wkh
dqdo|vlv vkrzv wkdw iru sureohpv/ zklfk duh ri sduwlfxodu uhohydqfh iru sudfwlfdo sxusrvhv/ wklv
wdvn fdq eh dfklhyhg e| vroylqj d vwdqgdug olqhdu surjudpplqj sureohp/ zklfk fdq eh vhw xs
iurp wkh edvlf revhuydeoh gdwd ri wkh hfrqrp|1 Zh kdyh uhodwhg wklv dqdo|vlv wr wkh rswlpdo
ghflvlrq sureohp ri dq lqyhvwru dqg kdyh vkrzq wkh ydulrxv uhodwlrqv ehwzhhq wkh surshuwlhv ri
dq rswlpdo vroxwlrq wr wklv sureohp dqg wkh duelwudjh iuhh ydoxhv ri frqwlqjhqw fodlpv1 Wklv
rshqv d xql�hg ylhz rq wkh gl�huhqw dssurdfkhv wr dvvhw sulflqj xqghu sruwirolr frqvwudlqwv
glvfxvvhg lq wkh olwhudwxuh dqg frqyh|v wkhlu frpprq xqghuo|lqj orjlf1 Zh krsh wkdw wkhvh
uhvxowv zloo suryh xvhixo iru �qdqfldo hfrqrplvwv zkr duh lqwhuhvwhg wr jhw dq ryhuylhz ri wkh
hfrqrplfv ri sruwirolr frqvwudlqwv dqg vhfxulw| sulflqj/ zlwkrxw jrlqj lqwr wkh whfkqlfdolwlhv ri
frqwlqxrxv wlph vwrfkdvwlf �qdqfh1 Xowlpdwho|/ krzhyhu/ wklv lv d sdshu derxw dvvhw sulflqj1 Lw
lv rxu krsh wkdw rxu uhvxowv zloo suryh xvhixo iru h{shuwv lqwhuhvwhg lq sudfwlfdoo| ghyhorslqj dqg
lpsohphqwlqj ydoxdwlrq whfkqltxhv lqvsluhg e| wrrov iurp d khdyhqo| olqhdu vsdfh/ zlwklq wkh
frqvwudlqwv ri dq hduwko| frqyh{ vhw1
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^48` Ghuprg| M1F1/ Urfndihoodu U1W1/ +4<<8,/ Wd{ Edvlv dqg Qrq0Olqhdulw| lq Fdvk Vwuhdp Ydoxdwlrq/
Pdwkhpdwlfdo Ilqdqfh/ 8/ <:044<1

^49` Ghwhpsoh/ M1/ Pxuwk|/ V1/ +4<<:,/ Htxloleulxp Dvvhw Sulfhv dqg Qr0Duelwudjh zlwk Sruwirolr Frq0
vwudlqwv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 43/ 7/ 4466044:71

^4:` Gx!h/ G1/ +4<<9,/ G|qdplf Dvvhw Sulflqj Wkhru|/ Vhfrqg Hglwlrq/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^4;` G|eylj/ S1/ Urvv/ V1/ +4<;9,/ Wd{ Folhqwhohv dqg Dvvhw Sulflqj/ Mrxuqdo ri Ilqdqfh/ 94/6/ :840:961

^4<` Hglulvlqjkh/ F1/ Qdln/ Y1/ Xssdo/ U1/ 4<<6/ Rswlpdo Uhsolfdwlrq ri Rswlrqv zlwk Wudqvdfwlrq Frvwv
dqg Wudglqj Uhvwulfwlrqv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 5;/ 44:046;1
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^53` Kh/ K1/ Shduvrq/ Q1/ +4<<4,/ Frqvxpswlrq dqg Sruwirolr Srolflhv zlwk Lqfrpsohwh Pdunhwv dqg Vkruw
Vdoh Frqvwudlqwv= Wkh Ilqlwh Glphqvlrqdo Fdvh/ Pdwkhpdwlfdo Ilqdqfh/ 6/ 40431

^54` Kduulvrq/ M1/ Nuhsv/ G1/ +4<:<,/ Pduwlqjdohv dqg Duelwudjh lq Pxowlshulrg Vhfxulw| Pdunhwv/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 53/ 6;4073;1

^55` Kxdqj/ N1[1/ +4<<;, Lq�qlwh Krul}rq Rswlpdo Khgjlqj Xqghu Frqh Frqvwudlqwv/ xqsxeolvkhg
pdqxvfulsw1

^56` Mrulrq/ S1/ +4<<9,/ Ydoxh dw Ulvn = D Qhz Ehqfkpdun iru Phdvxulqj Ghulydwlyhv Ulvn/ Luzlq Surihv0
vlrqdo Sxeo1

^57` Mrxlql/ H1/ Ndoodo/ K1/ +4<<8d,/ Pduwlqjdohv dqg Duelwudjh lq Vhfxulw| Pdunhwv zlwk Wudqvdfwlrq
Frvwv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 99/ 4:;04<:1

^58` Mrxlql/ H1/ Ndoodo/ K1/ +4<<8e,/ Duelwudjh lq Vhfxulw| Pdunhwv zlwk Vkruw Vdohv Frqvwudlqwv/ Pdwkh0
pdwlfdo Ilqdqfh/ 8/ 4<:05651

^59` Nuhsv/ G1/ +4<;4,/ Duelwudjh dqg Htxloleulxp lq Hfrqrplhv Zlwk Lq�qlwho| Pdq| Frpprglwlhv/
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 480681

^5:` Oxhqehujhu/ G1/ +4<9<,/ Rswlpl}dwlrq e| Yhfwru Vsdfh Phwkrgv/ Zloh| ) Vrqv1

^5;` Pdjloo/ P1/ Txlq}ll/ P1/ +4<<9,/ Wkhru| ri Lqfrpsohwh Pdunhwv/ PLW Suhvv1

^5<` Pxqn/ F1/ +5333,/ Rswlpdo Frqvxpswlrq2Lqyhvwphqw Srolflhv zlwk Xqglyhuvl�deoh Lqfrph Ulvn dqg
Oltxlglw| Frqvwudlqwv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 57/ 4648046761

^63` Pxqn/ F1/ +4<<:,/ Qr0Duelwudjh Erxqgv rq Frqwlqjhqw Fodlpv zlwk Frqyh{ Frqvwudlqwv rq wkh
Groodu Lqyhvwphqwv ri wkh Khgjh Sruwirolr/ xqsxeolvkhg pdqxvfulsw1

^64` Solvnd/ V1/ +4<<:,/ Lqwurgxfwlrq wr Pdwkhpdwlfdo Ilqdqfh/ Eodfnzhoo/ R{irug1

^65` Sulvpdq/ H1/ +4<;9,/ Ydoxdwlrq ri Ulvn| Dvvhwv lq Duelwudjh Iuhh Hfrqrplhv zlwk Iulfwlrqv/ Mrxuqdo
ri Ilqdqfh/ 74/ 77808891

^66` Urfndihoodu/ U1W1/ +4<<:,/ Frqyh{ Dqdo|vlv/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^67` Urvv/ V1/ +4<;:,/ Duelwudjh dqg Pduwlqjdohv zlwk Wd{dwlrq/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8/ 6:40
6<61

^68` Whsod/ O1/ +5333,/ Rswlpdo Sruwirolr Srolflhv zlwk Eruurzlqj dqg Vkruwvdoh Frqvwudlqwv/ Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro/ 57/ 49560496<1
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� @ +4> 3,

{�Wf

{�W�

�$� @ +�;>�4,

��

�$2 @ +�5>�47,

�f

��

( Wkh vhw F

�

{2W�

{2Wf

�2

Iljxuh 4= Zlwk sruwirolr frqvwudlqwv qrw doo duelwudjh rssruwxqlwlhv duh qhfhvvdulo| holplqdwhg
lq htxloleulxp1
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�+� W2,

� W2 @ +�4> 4, �+�W�,

�W� @ +3> 3,

�+�Wf,

�Wf @ +4@5>�4,

Iljxuh 5= Uhfwdqjxodu Frqvwudlqwv
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�f

��

| @ 5

| @ 7

f^+5, @ 4f^+7, @ 6

Iljxuh 6= Iru jhqhudo frqyh{ frqvwudlqwv wkh frqwlqjhqw fodlp sulflqj ixqfwlrqdo qhhg qrw eh
vxeolqhdu1
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<15 Surriv

Ohppd 4= Wkh vhw F ri ihdvleoh lqfrph wudqvihuv lv d frqyh{ vhw frqwdlqlqj 31

Surri= F @ i� 5 U7n� m � @ W} / } 5 ]j � U7n� e| Gh�qlwlrq 41 Vlqfh 3 5 ] dqg W lv d olqhdu
wudqvirupdwlrq F pxvw dovr frqwdlq 3/ khqfh eh qrq0hpsw|1 Ohw �� dqg �2 eh lq F dqg frqvlghu
� 5 ^3> 4`= Wkhq ��� . +4� �,�2 @ �W}� . +4� �,W}2 @ W +�}� . +4� �,}2,1 Vlqfh ] lv frqyh{/
�}� . +4� �,}2 lv lq ]/ wkxv ��� . +4� �,�2 lv lq F khqfh F lv frqyh{1 �

Ohppd 5= Li ] lv d frqh zlwk yhuwh{ s/ F lv d frqh zlwk yhuwh{ Ws1

Surri= Li ] lv d frqh/ } 5 ] lpsolhv wkdw iru doo � A 3 wkh yhfwru �} 5 ]1 Wkxv W} 5 F lpsolhv
W +�}, @ �W} 5 F/ wkxv F lv d frqh1 Li ] lv d frqh zlwk yhuwh{ s/ wkhq ] � s lv d frqh1 Khqfh
wkh vhw F� @ i� 5 U7n� m � @ W{> { 5 ] � sj lv d frqh1 Dv F @ F� . Ws lw lv d frqh zlwk yhuwh{
Ws1 �

Wkhruhp 4= +t>D>], dgplwv qr xqolplwhg duelwudjh li dqg rqo| li wkhuh h{lvwv d yhfwru
b
� 5 U7n�

nn

dqg d yhfwru �W 5 F vxfk wkdw
b
�� � b

��W> ;� 5 F

Surri= Ohw W @ i�W 5 F m C � 5 F vxfk wkdw � A �Wj1 Dvvxph +t>D>], dgplwv qr xqolplwhg du0
elwudjh1 Wkhq W lv qrw hpsw|1 Ghqrwh e| W lqw+W , wkh lqwhulru ri W zlwk uhvshfw wr wkh wrsrorj|
lqgxfhg rq W / wdnh vrph �W 5 W lqw+W , dqg frqvlghu wkh vhw
F� @ i� 5 U7n� m � . �W 5 Fj1 Vlqfh zh kdyh dvvxphg +QXD,/ F� _ U7n�

n qi3j @ >1 F� lv
d qrq0hpsw|/ forvhg/ frqyh{/ vhw lq U7n� vlqfh lw lv d wudqvodwlrq ri wkh vhw F/ zklfk lv qrq0
hpsw|/ forvhg dqg frqyh{ e| Ohppd +4, dqg kdv d qrq0hpsw| lqwhulru e| +FRQF,1 Ohw � eh wkh
qrq0qhjdwlyh vlpsoh{ lq U7n�1 Wkh vlpsoh{ lv d frqyh{ dqg frpsdfw vxevhw ri U7n� frqwdlqlqj
qr lqwhulru srlqwv ri F� vlqfh zh kdyh dvvxphg wkdw wkhuh lv qr xqolplwhg duelwudjh1 Zh fdq
wkhuhiruh dsso| d yhuvlrq ri wkh vhsdudwlqj k|shusodqh wkhruhp +Pdjloo dqg Txlq}ll ^5;/ s1 :6`/
s1:6,1 Wkh vhsdudwlrq wkhruhp lpsolhv wkdw wkhuh lv d olqhdu ixqfwlrqdo 3 9@ b

� 5 U7n� vxfk wkdw

vxs
�M��

b
�� ? lqi

�M{

b
��

Ohw N+F�, @ i�� m � 5 F � dqg � 5 U7n�
n j wkh frqyh{ frqh jhqhudwhg e| F�1 Wklv frqh lv

qrq0hpsw|/ forvhg dqg frqyh{1 Dv 3 5 W lqw+W , � �W e| dvvxpswlrq/ N+F �, _ U7n�
n qi3j @ >=

Wkhuhiruh wkh deryh vhsdudwlqj k|shusodqh wkhruhp lv dssolfdeoh1 Ehfdxvh F� � N+F�,/ wkh vhw
ri ��v wkdw vhsdudwh N+F�, iurp � dovr vhsdudwh F � iurp �1 Khqfh lw vx!fhv wr vkrz wkdw wkhuh
lv d

b
� 5 U7n�

nn vhsdudwlqj N+F�, iurp � vxfk wkdw
b
�� � 3 iru doo � 5 N+F�,1

Vlqfh 3 5 N+F�,/ wkh vhsdudwlrq lqhtxdolw| lpsolhv wkdw 3 ? lqi�M{
b
�� 1 Vxssrvh qrz wkdw

b
�r � 3

iru vrph vwdwh v 5 V dqg frqvlghu wkh wudqvihu hr @ +3> ===> 3> 4> 3> ===> 3, 5 � zklfk lv 4 lq vwdwh
v dqg 3 rwkhuzlvh1 Wkhq 3 ? lqi�M{

b
�� � b

�hr @
b
�r � 3 zklfk lv d frqwudglfwlrq1 Khqfh

b
�

5 U7n�
nn 1 Lw uhpdlqv wr vkrz wkdw

b
�� � 3> ;� 5 N+F�,1 Vxssrvh wkhuh lv d

b
� 5 N+F �, vxfk

wkdw
b
�
b
� A 31 Vlqfh N+F�, lv d frqh lw iroorzv wkdw �

b
� 5 N+F�,/ ;� � 31 Lw lv hdv| wr vhh wkdw

lqi�M{
b
�� @ plq+

b
��> ===>

b
�7n�,/ zklfk lv �qlwh1 Qrz zh fdq fkrrvh d vx!flhqwo| odujh � vxfk

wkdw �
b
�
b
� A lqi�M{

b
�� 1 Wklv lv d frqwudglfwlrq1

Frqwudu| wr wkh uhvxow iru xquhvwulfwhg hfrqrplhv zh fdq qrw wxuq wkh lqhtxdolw| lqwr dq htxdolw|1
Wkh reylrxv uhdvrq lv wkdw � 5 F� grhv qrw lpso| �� 5 F �1 Wkxv zh jhw rqo| wkh lqhtxdolw| b

�� �
3> ;� 5 F� zklfk fdq eh uhzulwwhq dv

b
�� � b

��W> ;� 5 F1

5:



Wr suryh wkh rwkhu gluhfwlrq dvvxph wkhuh lv d �W 5 F dqg
b
� 5 U7n�

nn vxfk wkdw
b
�� � b

��W> ;� 5 F1
Wklv lpsolhv

b
�+� � �W, � 3 ;� 5 F1 Ehfdxvh

b
� 5 U7n�

nn zh fdq frqfoxgh wkdw � � �W A 3 lv
lpsrvvleoh iru doo � 5 F1 Dqg wklv lv h{dfwo| wkh qr xqolplwhg duelwudjh frqglwlrq1 �

Uhpdun= Zh kdyh lpsrvhg dvvxpswlrq +FRQF, wr fryhu d odujh fodvv ri sudfwlfdoo| lpsruwdqw
frqvwudlqw vlwxdwlrqv1 Xqiruwxqdwho| dovr vrph udwkhu vwudqjh fdvhv duh dovr frpsdwleoh zlwk
+FRQF, dqg wkhuhiruh zh kdyh wr xvh wkh W lqw+W , frqvwuxfwlrq1 Zk| gr zh kdyh wr wdnh
�W 5 W lqw+W ,B Li zh wrrn �W 5 W exw qrw lq W lqw+W ,/ zh frxog idfh wkh sureohp wkdw N+F�,
phhwv U7n�

n qrw rqo| lq 3 exw dovr lq rwkhu srlqwv { � 3 exw qrw vwulfwo| odujhu wkdq 31 Khqfh
zh zrxog jhw wkh zhdnhu uhvxow wkdw wkhuh kdv wr h{lvw d

b
� 5 U7n�

n vxfk wkdw
b
�� � b

��W> ;� 5 F/
zkhuh vrph frpsrqhqwv ri

b
� pljkw eh 31

Fruroodu| 4= Li ] lv d frqh zlwk yhuwh{ s/ wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg
duelwudjh li dqg rqo| li wkhuh h{lvwv d yhfwru

b
� 5 U7n�

nn vxfk wkdw
b
�� � b

�Ws> ;� 5 F=

Surri= Lw lv vx!flhqw wr vkrz wkdw �+�, � �+Ws, ;� 5 F1 Li �+�W, @ > rxu dvvhuwlrq lv wulyldoo|
wuxh1 Qrz wdnh dq| �W vxfk wkdw �+�W, 9@ > dqg vxssrvh wkhuh h{lvwv d

b
� 5 �+�W, vxfk wkdw

b
� @5 �+Ws,1 Wklv phdqv wkdw �Ws ? ��W1 Qrz ohw �n @ +4. %,+�W�Ws,.Ws @ �W. %+�W�Ws,
zkhuh % A 31 E| frqvwuxfwlrq �n 5 F1 Suhpxowlso|lqj �n e| � |lhogv

��n @ ��W . %+��W � �Ws, A ��W

zkhuh wkh lqhtxdolw| iroorzv iurp wkh dvvxpswlrq wkdw
b
� @5 �+Ws,1 Wklv uhvxow frqwudglfwv wkdw

b
� 5 �+�W,1 Khqfh �+�W, � �+Ws,1 �

Uhpdun= Dv Ws lv qrw qhfhvvdulo| lq W lqw+W , wklv Fruroodu| lpsolhv wkdw �+Ws, 9@ > li wkhuh lv
d �W vxfk wkdw �+�W, 9@ >1/ l1h1 li wkh pdunhw dgplwv qr xqolplwhg duelwudjh1

Wkhruhp 5= Li wkh �qdqfldo pdunhw +t>D>], dgplwv qr xqolplwhg duelwudjh dqg wkhuh h{lvwv d
�} 5 ] vxfk wkdw D�} � �|/ wkhq wkhuh h{lvwv d vroxwlrq wr wkh rswlpdo khgjlqj sureohp +;,/ l1h1
wkhuh h{lvwv d }W 5 ] vxfk wkdw f7̂+�|, @ �t}W dqg D}W � �|1

Surri= Ohw i+}, @ �t}1 Dv i lv d forvhg/ frqyh{ dqg surshu wkh uhfhvvlrq ixqfwlrq i3n ri i
lv jlyhq e| +i3n,+{, @ �t{149 Wkh vhw ri doo yhfwruv { vxfk wkdw +i3n,+{, @ �t{ � 3 lv fdoohg
wkh uhfhvvlrq frqh ri i 1 Qrz ohw N @

�
} 5 Ua m } 5 ] dqg D} � �|

�
1 Qr xqolplwhg duelwudjh

lpsolhv wkdw uhf+i, _ uhf+N, @ i3j1 Wkhruhp 5:161 lq Urfndihoodu +4<:3/ s1 59:, whoov xv wkdw
wkh idfw wkdw i dqg N kdyh qr gluhfwlrq ri uhfhvvlrq lq frpprq lv vx!flhqw wr jxdudqwhh wkdw
wkh lq�pxp lv dwwdlqhg1

Iru wkh surri ri Wkhruhp 5 zh dsso| d yhuvlrq ri Ihqfkho*v gxdolw| wkhruhp ^66/ Fruroodu| 6415141
s1 665`1 Wkh vwdu v|pero ghqrwhv frqmxjdwh +gxdo, rshudwlrqv1 Zh ghqrwh e| #g wkh lqglfdwru
ixqfwlrq ri d vhw N/ e| �g wkh vxssruw ixqfwlrq ri wkh vhw N dqg e| e+N, wkh eduulhu frqh ri
wkh vhw1

Wkhruhp= +Ihqfkho,= Vxssrvh [ � U? dqg Z � U6/ wkdw E 5 O+[>Z , lv d frqwlqxrxv/
olqhdu rshudwru iurp [ wr Z dqg wkdw i = [ $ U ^ i4j lv d forvhg/ surshu/ frqyh{ ixqfwlrq

49Iru d pruh jhqhudo gh�qlwlrq vhh Urfndihoodu +4<:3/ s1 99,1

5;



dqg j = Z $ U^ i4j lv d forvhg surshu frqfdyh ixqfwlrq1 Gh�qh

y = @ lqi
%Mf

^i+{,� j+E{,`

yW = @ vxs
�M` W

^jW+z,� iW+EWz,`

y @ yW li hlwkhu ri wkh iroorzlqj frqglwlrqv lv vdwlv�hg=

+d, Wkhuh h{lvwv dq { 5 ul+Grpi, vxfk wkdw E{ 5 ul+Grpj,>4:

+e, Wkhuh h{lvwv d z 5 ul+GrpjW, vxfk wkdw EWz 5 ul+GrpiW,=

Xqghu +d, wkh vxsuhpxp lv dwwdlqhg dw vrph z zkloh xqghu +e, wkh lq�pxp lv dwwdlqhg dw vrph
{1

Surri= Urfndihoodu ^66/ Wkhruhp 64141/ s1 65: dqg Fruroodu| 6415141 s1 665`1 �

Wkhruhp 6= Li wkh �qdqfldo pdunhw +
b
t>D>], dgplwv qr xqolplwhg duelwudjh dqg hlwkhu

+d, ] lv sro|khgudo dqg wkhuh h{lvwv d
b
} 5 ] vxfk wkdw D

b
} A b

| ru

+e, wkhuh h{lvwv d a} 5 ] vxfk wkdw D a} A
b
|/

wkh gxdo sureohp

pd{
Z�M,7

n

+��
b
| � vxs

5M~
+�b

t} . ��D},,

kdv d vroxwlrq dqg wkh rswlpdo ydoxhv ri wkh sulpdo dqg wkh gxdo sureohpv frlqflgh1

Surri= Rxu sulpdo sureohp lv jlyhq e|

lqi5M,a

b
t}

v=w= } 5 ]
D} � b

| 5 U7
n

+4<,

Gh�qh wkh vhw H @ i+}> |, m } 5 ] dqg |� b
| 5 U7

nj dqg ghqrwh e| L wkh M � M lghqwlw| pdwul{1
Xvlqj wklv pdwul{ zh irup wkh qhz +M . V,� M pdwul{

E @

�
L
D

�

Wkxv zh kdyh } 5 ] dqg D}� b
| 5 U7

n / E} 5 H= Qrz ohw #. ghqrwh wkh lqglfdwru ixqfwlrq ri
H= Wkxv zh fdq uhzulwh wkh sulpdo sureohp e|

lqi
5M,a

^
b
t} . #.+E},`

Wkh ixqfwlrq i lq wkh wkhruhp fruuhvsrqgv wr
b
t}/ wkh ixqfwlrq j lq wkh wkhruhp fruuhvsrqgv

wr �#.+E}, =@ j+E}, wkh rshudwru D fruuhvsrqgv wr rxu pdwul{ E= i+}, lv forvhg surshu dqg

4:o� ghqrwhv wkh uhodwlyh lqwhulru ri d vhw ^66/ s1 77`1

5<



frqyh{ dqg e| +FRQF, wkh lqglfdwru ixqfwlrq #. lv dovr forvhg/ surshu dqg frqyh{ dqg khqfh
�#. lv forvhg/ surshu dqg frqfdyh1 +Wklv iroorzv iurp Dxelq/ Fruroodu| 4141 s1 46,

Wr ghulyh wkh gxdo/ zh kdyh wr �qg wkh frqmxjdwh ixqfwlrqv1 Wkh frqmxjdwh ixqfwlrq wr i+}, =@
b
t} lv iW+�, @ #t

b
^�+�,= Wkh frqmxjdwh ixqfwlrq jW+�> �, @ lqiE5c+�M,an7 +�} . �| . #.+}> |,,1

Wklv ixqfwlrq fdq eh uhzulwwhq dv

lqi
5M,a

+�} . #~+},, . lqi
+M,7

+�| . #,7

n
n

b
+ +|,,

ru htxlydohqwo|

� vxs
5M,a

+��} �#~+},, . lqi
+M,7

+�| .#,7
n
n

b
+ +|,,

ru htxlydohqwo|

��3~+�, . lqi
+M,7

+�| . #,7
n
n

b
+ +|,,=

Wkh vhw U7
n .

b
| @ i| 5 U7 m | � b

| 5 U7
nj @ i{. b

| 5 U7 m { 5 U7
nj1 Wkxv zh jhw

jW+�> �, @ ��3~+�, . �
b
| . lqi

%M,7

+�{. #,7

n
+{,,

Reylrxvo| zh kdyh

lqi
%M,7

+�{.#,7

n
+{,, @

�
3 li � � 3

�4 hovh

Zh wkxv frqfoxgh wkdw

jW+�> �, @ ��3~+�, . �
b
|

zkhuh GrpjW @ e+�],�U7
n= Wkh frqmxjdwh ri wkh rshudwru E lv vlpso| wkh wudqvsrvhg pdwul{

EA = Qrz zlwk wkhvh remhfwv e| dsso|lqj wkh wkhruhp/ zh fdq irupxodwh wkh gxdo dv

vxs
VcZ

^��3~+�, . �
b
| � #t

b
^�+�. �D,`

Qrz fohduo|

#t
b
^�+�. �D, @

�
3 li

b
t @ �. �D

4 hovh

Wkxv li wkhuh lv d �qlwh vroxwlrq lw pxvw krog wkdw
b
t} @ �} . �D} ;} 5 Ua
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Surri= x� lv frqwlqxrxv/ vwulfwo| prqrwrqh dqg txdvlfrqfdyh1 E| +FRQF, E�+t> $�> D>], lv
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